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us to construct entropy conservative schemes without any system-specific derivations. We also
demonstrate that a loss of entropy symmetrization for nonconservative systems restricts the design
of entropy stable fluctuations and propose a novel blending procedure to construct entropy stable
dissipation terms from general numerical viscosity matrices. The resulting methodology is applied
to develop a high-order, entropy stable, and well-balanced approximation for the Saint-Venant-
Exner system. Numerical tests are presented to verify the theoretical findings and demonstrate
the performance and robustness of the proposed scheme.

1. Introduction

The discontinuous Galerkin method (DG) has become a common framework for the numerical approximation of hyperbolic con-
servation laws. The method enjoys favorable dissipation and dispersion properties, geometric flexibility, and the possibility to create
high-order approximations on an element-local stencil which provide good scalability. However, the high-order nature responsible
for many of these beneficial properties also makes the method prone to stability issues [1]. This becomes especially problematic in
the presence of discontinuous and under-resolved simulations, where additional stabilization is often necessary to avoid spurious os-
cillations. In the context of DG methods for nonlinear problems, the concept of entropy stable (ES) schemes [2,3], where the solution
is bounded by a convex mathematical entropy function, has recently received considerable attention. These methods are built upon
the idea of entropy conservative numerical fluxes introduced by Tadmor [2,4] for low-order finite volume (FV) schemes. Carpenter,
Fisher and collaborators [5,6] extended these entropy stable schemes to high-order finite difference methods using diagonal norm
summation-by-parts (SBP) operators. Subsequently, Gassner [7] applied this approach to nodal discontinuous Galerkin spectral ele-
ment methods (DGSEM) with Legendre-Gauss-Lobatto (LGL) quadrature, as these methods satisfy the diagonal norm SBP property.
Since then, ES-DGSEM formulations have been successfully applied to a wide variety of problems, see e.g. [8-11].

While the application of entropy stable DGSEM has been actively researched for hyperbolic conservation laws, considerably
less work has been done on hyperbolic systems that include nonconservative products. The presence of nonconservative products
introduces additional challenges when discontinuities are present, as they cannot be defined in the classical sense of distributions. To
resolve this, following the theory of Dal Maso, LeFloch and Murat [12], nonconservative products are defined by prescribing a family
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\begin {equation}\statevec {u}_t + \statevec {f}(\statevec {u})_x + \statemat {B}(\statevec {u})\statevec {u}_x = 0, \label {eq:nonconservative_system}\end {equation}


$\statevec {f}(\statevec {u}) \in \mathbb {R}^{\statedim }$


$\statemat {B}(\statevec {u})\statevec {u}_x$


$\statemat {B}(\statevec {u}) \in \mathbb {R}^{\statedim \times \statedim }$


$\statevec {u}(x, t) \in \stateset $


\begin {equation}\statevec {u}_t + \statemat {A}(\statevec {u})\statevec {u}_x = 0, \label {eq:system_quasilinear_form}\end {equation}


$\statemat {A} \coloneqq \statevec {f}_\statevec {u} + \statemat {B}$


$\statevec {f}_{\statevec {u}}(\statevec {u}) \in \mathbb {R}^{n \times n}$


$\statemat {B}$


$S(\statevec {u}) \in \mathbb {R}$


$q(\statevec {u}) \in \mathbb {R}$


\begin {equation}q_{\statevec {u}} = S_{\!\statevec {u}}^{\!T}(\statevec {f}_{\statevec {u}} + \statemat {B}) = \statevec {w}^T(\statevec {f}_{\statevec {u}} + \statemat {B}), \label {eq:entropy_flux_compatibility_relation}\end {equation}


$\statevec {w}(\statevec {u}) \coloneqq S_{\!\statevec {u}}(\statevec {u}) \in \mathbb {R}^n$


$S_{\!\statevec {u}\statevec {u}} = \statevec {w}_\statevec {u}$


$\statevec {u}$


$\statevec {w}$


$\Omega $


\begin {equation}\int _{\Omega } \statevec {w}^T(\statevec {u}_t + \statevec {f}_x + \statemat {B}\statevec {u}_x) \, \text {d}x = \int _{\Omega } S_{\!t} + q_x \, \text {d}x = 0. \label {eq:entropy_conservation_law}\end {equation}


\begin {equation}\int _{\Omega } S_{\!t} + q_x \, \text {d}x \leq 0. \label {eq:entropy_inequality}\end {equation}


$\statemat {B} = \statemat {0}$


\begin {equation}\statevec {u}_t + \statevec {f}_x = \statemat {H}\statevec {w}_t + \statevec {f}_{\statevec {u}} \statemat {H} \statevec {w}_x = 0, \label {eq:cons_system_symmetric_form}\end {equation}


$\statemat {H}^{-1}(\statevec {u}) \coloneqq \statevec {w}_{\statevec {u}}$


$\statemat {H}(\statevec {w}(\statevec {u})) \coloneqq \statevec {u}_{\statevec {w}}$


\begin {equation}\statemat {H}^{-1} (\statevec {f}_\statevec {u} + \statemat {B}) + \statevec {w}^T(\statevec {f}_{\statevec {u}\statevec {u}} + \statemat {B}_\statevec {u}) = q_{\statevec {u}\statevec {u}}. \label {Xeqn7-7}\end {equation}


${q}_{\statevec {u}\statevec {u}}$


$\statevec {w}^T\statevec {f}_{\statevec {u}\statevec {u}}$


$\statevec {f}_{\statevec {u}\statevec {u}} \in \mathbb {R}^{n \times n \times n} = \left ((f_1)_{\statevec {u}\statevec {u}}, \ldots , (f_n)_{\statevec {u}\statevec {u}}\right )$


\begin {equation}\statemat {H}^{-1}(\statevec {f}_{\statevec {u}} + \statemat {B}) + \statevec {w}^T(\statemat {B}_\statevec {u}) \quad \text {is symmetric}. \label {Xeqn8-8}\end {equation}


$\statemat {B}=\statemat {0}$


$\statemat {H}^{-1}$


$\statevec {f}_{\statevec {u}}$


$\statemat {H}^{-1}$


$\statemat {H}$


$\statevec {f}_{\statevec {u}}$


$\statemat {B} \neq \statemat {0}$


$\statemat {H}^{-1}\statevec {f}_{\statevec {u}} + \statevec {w}^TB_u$


$\statemat {H}^{-1}(\statevec {f}_{\statevec {u}} + B)$


$(\statevec {f}_{\statevec {u}} + B)\statemat {H}$


\begin {equation}\statevec {u}_t + \statevec {f}_x + \statemat {B}\statevec {u}_x = \statemat {H}\statevec {w}_t + (\statevec {f}_{\statevec {u}} + \statemat {B}) \statemat {H} \statevec {w}_x = 0, \label {eq:noncons_system_symmetric_form}\end {equation}


$\Omega $


$K$


$\Omega ^k = [x_{k-1}, x_k]$


$\Delta x_k = x_k - x_{k-1}$


$k=1\ldots K$


$\Omega ^k$


$[\mathbb {P}^{\polydeg }(\Omega ^k)]^{\statedim }$


$\polydeg $


\begin {equation}\mathbb {V}^{\polydeg } \coloneqq \{v: v|_{\Omega ^k} \in \mathbb {P}^{\polydeg }, \; \forall \Omega ^k \in \Omega \}, \label {Xeqn10-10}\end {equation}


$\statevec {u} \in [\mathbb {V}^{\polydeg }]^{\statedim }$


$\statevec {u}_k^{\pm } := \lim \limits _{\epsilon \rightarrow 0} \statevec {u}(x_k \pm \epsilon )$


$\statevec {u}$


$x_k$


$\boldsymbol {-}$


$\boldsymbol {+}$


$\Omega ^k$


$x_{k-1}$


$\boldsymbol {+}$


$x_k$


$\boldsymbol {-}$


$\phi \in \mathbb {V}^{\polydeg }$


\begin {equation}\int _{\Omega ^k} \phi \statevec {u}_t \text {d}x + \int _{\Omega ^k} \phi \statemat {A}\statevec {u}_x \text {d}x + \phi _{k-1}^+ \statevec {D}^+(\statevec {u}^-_{k-1}, \statevec {u}^+_{k-1}) + \phi _{k}^-\statevec {D}^-(\statevec {u}^-_{k}, \statevec {u}^+_{k}) = 0, \quad \forall \phi \in \mathbb {V}^{\polydeg }. \label {eq:weak_form_fluctuation}\end {equation}


$\statevec {D}^{\pm }:\stateset \times \stateset \rightarrow \mathbb {R}^n$


$\statevec {u}_L, \statevec {u}_R \in \mathbb {R}^n$


\begin {align}\statevec {D}^{\pm }(\statevec {u},\statevec {u}) &= 0,\label {eq:fluctuation_condition_a}\\ \statevec {D}^-(\statevec {u}_L, \statevec {u}_R) + \statevec {D}^+(\statevec {u}_L, \statevec {u}_R) &= \int _0^1 \statemat {A}(\Phi (s;\statevec {u}_L, \statevec {u}_R)) \partial _{\!s} \Phi (s;\statevec {u}_L, \statevec {u}_R) \text {d}s\label {eq:path_conservation_condition}.\end {align}


$\Phi (s;\statevec {u}_L, \statevec {u}_R) : [0,1] \times \stateset \times \stateset \rightarrow \stateset $


$\statevec {u}_L$


$\statevec {u}_R$


\begin {equation}\begin {aligned} \ncpath {0}{\statevec {u}_L}{\statevec {u}_R} &= \statevec {u}_L, \quad \ncpath {1}{\statevec {u}_L}{\statevec {u}_R} = \statevec {u}_R, \quad \ncpath {s}{\statevec {u}}{\statevec {u}} &= \statevec {u}. \end {aligned} \label {Xeqn12-14}\end {equation}


$\Phi (s;\statevec {u}_L, \statevec {u}_R)$


$\Omega ^k$


$E=[-1,1]$


\begin {equation}x = X^{k}(\xi ) = x_{k-1} + \frac {\xi + 1}{2}\Delta x_k, \quad \xi \in [-1, 1]. \label {eq:element_mapping_func}\end {equation}


$\xi $


\begin {equation}\frac {\Delta x_k}{2}\int _{E} \phi \statevec {u}_t \text {d}x + \int _{E} \phi \statemat {A}\statevec {u}_{\xi } \text {d}\xi + \phi _{k-1}^+ \statevec {D}^+(\statevec {u}^-_{k-1}, \statevec {u}^+_{k-1}) + \phi _{k}^-\statevec {D}^-(\statevec {u}^-_{k}, \statevec {u}^+_{k}) = 0, \quad \forall \phi \in \mathbb {V}^{\polydeg }. \label {eq:weak_form_reference_element}\end {equation}


$E$


$N$


\begin {equation}\statevec {u} \approx \statevec {U}^k(\xi ) = \sum \limits _{j=0}^N \statevec {U}_{j}^k l_j(\xi ) \label {eq:definition_polynomial_basis}\end {equation}


$l_j(\xi )$


$\{\xi \}_{i=0}^N$


\begin {equation}\mathcal {D}_{ij} := \frac {\text {d}l_j(\xi )}{\text {d} \xi }\Big |_{\xi = \xi _i}, \quad i,j=0,\ldots ,N, \label {eq:definition_derivative_matrix}\end {equation}


\begin {equation}\int _{-1}^1 f(\xi ) d\xi \approx \sum \limits _{j=0}^N \omega _j f(\xi _j), \label {eq:definition_gauss_quadrature}\end {equation}


$\{\omega _j\}_{j=0}^N$


\begin {equation}\mathcal {Q} + \mathcal {Q}^T = \mathcal {B} \label {eq:sbp_property}\end {equation}


$\mathcal {Q}_{ij} = \omega _i \mathcal {D}_{ij}$


$\mathcal {B}_{ij} = \delta _{iN}\delta _{jN} - \delta _{i0}\delta _{j0}$


$\delta $


\begin {equation}\omega _i \frac {\Delta x_k}{2} \dot {\statevec {U}}_i^k + \omega _i \sum \limits _{m=0}^N \mathcal {D}_{im} \statemat {A}(\statevec {U}_i^k)\statevec {U}_m^k + \delta _{i0}\statevec {D}^+(\statevec {U}_N^{k-1}, \statevec {U}_0^k) + \delta _{iN}\statevec {D}^-(\statevec {U}_N^{k}, \statevec {U}_0^{k+1}) = 0. \label {eq:nc_DGSEM}\end {equation}


\begin {equation}\omega _i \sum \limits _{m=0}^N \mathcal {D}_{im} \statemat {A}(\statevec {U}_i^k)\statevec {U}_m^k \approx \omega _i \sum \limits _{m=0}^N 2\mathcal {D}_{im} \statevec {D}^-(\statevec {U}_i^k,\statevec {U}_m^k), \label {eq:flux_diff_volume_integral}\end {equation}


\begin {equation}\omega _i \frac {\Delta x_k}{2} \dot {\statevec {U}}_i^k + \omega _i \sum \limits _{m=0}^N 2\mathcal {D}_{im} \statevec {D}^-(\statevec {U}_i^k,\statevec {U}_m^k) + \delta _{i0}\statevec {D}^+(\statevec {U}_N^{k-1}, \statevec {U}_0^k) + \delta _{iN}\statevec {D}^-(\statevec {U}_N^{k}. \statevec {U}_0^{k+1}) = 0. \label {eq:flux_diff_DGSEM}\end {equation}


\begin {equation}\frac {\partial \statevec {D}^-(\statevec {u}_L, \statevec {u}_R)}{\partial \statevec {u}_R}\Big |_{\statevec {u}_R = \statevec {u}_L} = \frac {1}{2}\statemat {A}(\statevec {u}_L). \label {eq:fluctuation_condition_c}\end {equation}


$\statemat {A}\statevec {u}_{\xi }$


$p$


$\mathcal {D}$


$p$


\begin {equation}\begin {aligned} \sum \limits _{m=0}^N 2 \mathcal {D}_{im} \statevec {D}^-(\statevec {u}(\xi _i), \statevec {u}(\xi _m)) &= 2 \frac {\partial \statevec {D}^-(\statevec {u}(\xi _i), \statevec {u}(\xi _m))}{\partial \xi _m}\Big |_{\xi _m = \xi _i} + \mathcal {O}(\Delta \xi ^p) \\&= 2 \frac {\partial \statevec {D}^-(\statevec {u}_i, \statevec {u}_m)}{\partial \statevec {u}_m}\Big |_{u_m = u_i} \frac {\partial \statevec {u}(\xi )}{\partial \xi }\Big |_{\xi = \xi _i} + \mathcal {O}(\Delta \xi ^p) \\&= \statemat {A}(\statevec {u}(\xi )) \frac {\partial \statevec {u}(\xi )}{\partial \xi }\Big |_{\xi = \xi _i} + \mathcal {O}(\Delta \xi ^p) \end {aligned} \label {Xeqn23-25}\end {equation}


\begin {equation}\statevec {D}^{-}(\statevec {u}_L, \statevec {u}_R) = - \statevec {D}^{+}(\statevec {u}_R, \statevec {u}_L)\label {eq:fluctuation_condition_b}\end {equation}


\begin {equation}q(\statevec {u}_R) - q(\statevec {u}_L) = \statevec {w}(\statevec {u}_L)^T\statevec {D}^-(\statevec {u}_L, \statevec {u}_R) + \statevec {w}(\statevec {u}_R)^T\statevec {D}^+(\statevec {u}_L, \statevec {u}_R). \label {eq:entropy_conservation_condition}\end {equation}


$\statevec {D}_{EC}^{\pm }$


\begin {align}\statevec {D}^{\pm }(\statevec {u},\statevec {u}) &= 0,\label {eq:ec_condition_1} \\ \statevec {D}^-(\statevec {u}_L, \statevec {u}_R) + \statevec {D}^+(\statevec {u}_L, \statevec {u}_R), &= \int _0^1 \statemat {A}(\Phi (s;\statevec {u}_L, \statevec {u}_R)) \partial _{\!s} \Phi (s;\statevec {u}_L, \statevec {u}_R),\label {eq:ec_condition_2} \\ \statevec {D}^{-}(\statevec {u}_L, \statevec {u}_R) + \statevec {D}^{+}(\statevec {u}_R, \statevec {u}_L) &= 0,\label {eq:ec_condition_3} \\ \statevec {w}_L^T\statevec {D}^-(\statevec {u}_L, \statevec {u}_R) + \statevec {w}_R^T\statevec {D}^+(\statevec {u}_L, \statevec {u}_R) &= q_R - q_L,\label {eq:ec_condition_4} \\ \frac {\partial \statevec {D}^-(\statevec {u}_L, \statevec {u}_R)}{\partial \statevec {u}_R}\Big |_{\statevec {u}_R = \statevec {u}_L} &= \frac {1}{2}\statemat {A}(\statevec {u}_L).\label {eq:ec_condition_5}\end {align}


$\statevec {D}^{\pm }_{EC}$


\begin {equation}\sum \limits _{i=0}^N \omega _i\frac {\Delta x_k}{2} \frac {\partial S(\statevec {U}_i^k)}{\partial t} = Q(\statevec {U}_N^{k-1}, \statevec {U}_0^k) - Q(\statevec {U}_N^k, \statevec {U}_0^{k+1}), \label {Xeqn26-29}\end {equation}


$Q$


$Q(\statevec {u}, \statevec {u}) = q(\statevec {u})$


$\statevec {W}_i^k := w(\statevec {U}_i^k)$


\begin {equation}\begin {aligned} \sum \limits _{i=0}^N \omega _i\frac {\Delta x_k}{2} {\statevec {W}_i^k}^T\frac {\partial \statevec {U}_i^k}{\partial t} = - \sum \limits _{i=0}^N {\statevec {W}_i^k}^T \sum \limits _{m=0}^N 2\mathcal {D}_{im} \statevec {D}^-_{EC}(\statevec {U}_i^k,\statevec {U}^k_m) - \sum \limits _{i=0}^N \delta _{i0}{\statevec {W}_i^k}^T\statevec {D}^+_{EC}(\statevec {U}_N^{k-1}, \statevec {U}_0^k) - \sum \limits _{i=0}^N \delta _{iN}{\statevec {W}_i^k}^T\statevec {D}^-_{EC}(\statevec {U}_N^{k}, \statevec {U}_0^{k+1}). \end {aligned} \label {Xeqn27-30}\end {equation}


\begin {equation}\begin {aligned} \sum \limits _{i=0}^N \omega _i\frac {\Delta x_k}{2}\frac {\partial S(\statevec {U}_i^k)}{\partial t} = - \sum \limits _{i=0}^N {\statevec {W}_i^k}^T \sum \limits _{m=0}^N 2\mathcal {D}_{im} \statevec {D}^-_{EC}(\statevec {U}_i^k,\statevec {U}_m^k) - \statevec {W}_0^T\statevec {D}^+_{EC}(\statevec {U}_N^{k-1}, \statevec {U}_0^k) - \statevec {W}_N^T\statevec {D}^-_{EC}(\statevec {U}_N^{k}, \statevec {U}_0^{k+1}) \end {aligned}. \label {eq:semidiscrete_ec_law_step_1}\end {equation}


$\mathcal {B}_{im}\statevec {D}^-_{EC}(\statevec {U}_i^k, \statevec {U}_m^k)$


$\eqref {eq:ec_condition_1}$


$i \leftrightarrow m$


\begin {equation}\begin {aligned} \sum \limits _{i = 0}^N \omega _i {\statevec {W}_i^k}^T \sum \limits _{m=0}^N 2\mathcal {D}_{im} \statevec {D}^-_{EC}(\statevec {U}_i^k, \statevec {U}_m^k) &= \sum \limits _{i,m = 0}^N {\statevec {W}_i^k}^T 2\mathcal {Q}_{im} \statevec {D}^-_{EC}(\statevec {U}_i^k, \statevec {U}_m^k) \\&= \sum \limits _{i,m = 0}^N {\statevec {W}_i^k}^T (\mathcal {Q}_{im} - \mathcal {Q}_{mi} + \mathcal {B}_{im}) \statevec {D}^-_{EC}(\statevec {U}_i^k, \statevec {U}_m^k) \\&= \sum \limits _{i,m = 0}^N \mathcal {Q}_{im}\left ( {\statevec {W}_i^k}^T \statevec {D}^-_{EC}(\statevec {U}_i^k, \statevec {U}_m^k) - \statevec {W}_m^T \statevec {D}^{\changeOther {-}}_{EC}(\statevec {U}_m, \statevec {U}_i)\right ) \\&= \sum \limits _{i,m = 0}^N \mathcal {Q}_{im} \left ({\statevec {W}_i^k}^T \statevec {D}^-_{EC}(\statevec {U}_i^k, \statevec {U}_m^k) + \statevec {W}_m^T \statevec {D}^{\changeOther {+}}_{EC}(\statevec {U}_i^k, \statevec {U}_m^k)\right ) \\&= \sum \limits _{i,m = 0}^N \mathcal {Q}_{im}(q_m - q_i) = q_N - q_0. \end {aligned} \label {Xeqn29-32}\end {equation}


\begin {equation}\begin {aligned} \sum \limits _{i=0}^N \omega _i\frac {\Delta x_k}{2} \frac {\partial S(\statevec {U}_i^k)}{\partial t} &= \left (q_0^k - {\statevec {W}_0^k}^T\statevec {D}^+_{EC}(\statevec {U}_N^{k-1}, \statevec {U}_0^k)\right ) -\left (q_N^k + {\statevec {W}_N^k}^T\statevec {D}^-_{EC}(\statevec {U}_N^{k}, \statevec {U}_0^{k+1})\right ) \\ &= Q(\statevec {U}_N^{k-1}, \statevec {U}_0^k) -Q(\statevec {U}_N^k, \statevec {U}_0^{k+1}), \end {aligned} \label {Xeqn30-33}\end {equation}


\begin {equation}Q(\statevec {U}_N^{k-1}, \statevec {U}_0^k) = \left (q_0^k - {\statevec {W}_0^k}^T\statevec {D}^+_{EC}(\statevec {U}_N^{k-1}, \statevec {U}_0^k)\right ) = \left (q_N^{k-1} + {\statevec {W}_N^{k-1}}^T\statevec {D}^-_{EC}(\statevec {U}_N^{k-1}, \statevec {U}_0^{k})\right ). \label {Xeqn31-34}\end {equation}


\begin {equation*}\omega _i \frac {\Delta x_k}{2} \frac {\partial \statevec {U}_i^k}{\partial t} + \omega _i \sum \limits _{m=0}^N 2\mathcal {D}_{im} \statevec {D}^-_{EC}(\statevec {U}_i^k,\statevec {U}_m^k) + \delta _{i0}\statevec {D}_{EC}^+(\statevec {U}_N^{k-1}, \statevec {U}_0^k) + \delta _{iN}\statevec {D}^-_{EC}(\statevec {U}_N^{k}, \statevec {U}_0^{k+1}) = 0,\end {equation*}


$\statevec {D}^{\pm }_{EC}$


$q_w = \statevec {w}^T\statemat {A}\,\statemat {H}$


\begin {equation}\Phi (s):=\Phi (s;\statevec {u}_L,\statevec {u}_R) = \statevec {w}_L + s \jump {\statevec {w}}. \label {eq:path_entropy_vars}\end {equation}


$(\cdot )_L$


$(\cdot )_R$


\begin {equation}\jump {\cdot } \coloneqq (\cdot )_R - (\cdot )_L, \quad \avg {\cdot } \coloneqq \frac {1}{2}\left ((\cdot )_R + (\cdot )_L\right ). \label {Xeqn33-36}\end {equation}


\begin {equation}\jump {q} = \int _0^1 \Phi (s)^T\statemat {A}(\statevec {u}(\Phi (s)))\statemat {H}(\Phi (s)) \frac {\partial \Phi (s)}{\partial s} \text {d}s = \int _0^1 (\statevec {w}_L + s \jump {\statevec {w}})^T\statemat {A}\,\statemat {H}(\Phi (s)) \jump {\statevec {w}} \text {d}s. \label {Xeqn34-37}\end {equation}


$\statevec {w}_L$


$\statevec {w}_R$


\begin {equation}\begin {aligned} \jump {q} &= (\statevec {w}_L)^T \int _0^1 (1 - s)\statemat {A}\,\statemat {H}(\Phi (s)) \jump {\statevec {w}} \text {d}s + (\statevec {w}_R)^T \int _0^1 s\statemat {A}\,\statemat {H}(\Phi (s)) \jump {\statevec {w}} \text {d}s \\&= (\statevec {w}_L)^T \statevec {D}^-\left (\statevec {u}_L, \statevec {u}_R\right ) + (\statevec {w}_R)^T \statevec {D}^+\left (\statevec {u}_L, \statevec {u}_R\right ). \label {eq:entropy_conservation_condition_strategy_1} \end {aligned}\end {equation}


\begin {equation}\statevec {D}^-(\statevec {u}_L, \statevec {u}_R) = \int _0^1 \left (1-s\right )\statemat {A}\,\statemat {H}(\Phi (s)) \, \text {d}s \jump {\statevec {w}}, \quad \statevec {D}^+(\statevec {u}_L, \statevec {u}_R) = \int _0^1 s\statemat {A}\,\statemat {H}(\Phi (s)) \, \text {d}s \jump {\statevec {w}} \label {eq:definition_ec_flux_strategy_1}\end {equation}


\begin {equation}\left (\frac {\partial \statevec {D}^{-}(\statevec {u}_L,\statevec {u}_R)}{\partial \statevec {u}_R}\Big |_{\statevec {u}_R = \statevec {u}_L}\right )_{ij} = \frac {\partial \statevec {D}^{-}_{(i)}(\statevec {u}_L, \statevec {u}_R)}{\partial {\statevec {u}_R}_{(j)}}\Big |_{\statevec {u}_R = \statevec {u}_L}, \quad i,j = 1,\ldots ,n, \label {Xeqn37-40}\end {equation}


$i$


$(i)$


$\statemat {H}^{-1}(\statevec {u}) = \statevec {w}_{\statevec {u}}$


\begin {equation}\begin {aligned} \frac {\partial \statevec {D}^{-}_{(i)} (\statevec {u}_L, \statevec {u}_R)}{\partial {\statevec {u}_R}_{(j)}}\Big |_{\statevec {u}_R = \statevec {u}_L} &= \frac {\partial }{\partial {\statevec {u}_R}_{(j)}} \left ( \sum \limits _{k=1}^n \int _0^1 (1-s) \left (\statemat {A}\,\statemat {H}\right )_{ik}(\Phi (s))\text {d}s \left (\statevec {w}_{(k)}(\statevec {u}_R) - \statevec {w}_{(k)}(\statevec {u}_L)\right )\right )\Bigg |_{\statevec {u}_R = \statevec {u}_L} \\&= \frac {\partial }{\partial {\statevec {u}_R}_{(j)}} \left ( \sum \limits _{k=1}^n \int _0^1 (1-s) \left (\statemat {A}\,\statemat {H}\right )_{ik}(\Phi (s))\text {d}s\right )\Bigg |_{\statevec {u}_R = \statevec {u}_L} \left (\statevec {w}_{(k)}(\statevec {u}_L) - \statevec {w}_{(k)}(\statevec {u}_L)\right ) \\ &\quad + \int _0^1 (1-s)\text {d}s \sum \limits _{k=1}^n \left (\statemat {A}\,\statemat {H}\right )_{ik}(\statevec {w}(\statevec {u}_L)) \frac {\partial \statevec {w}_{(k)}(\statevec {u}_R)}{\partial {\statevec {u}_R}_{(j)}}\Bigg |_{\statevec {u}_R = \statevec {u}_L} \\&= \frac {1}{2}\sum \limits _{l=1}^n\statemat {A}_{il}(\statevec {u}_L)\sum \limits _{k=1}^n\statemat {H}_{lk}(\statevec {w}(\statevec {u}_L)) \statemat {H}^{-1}_{kj}(\statevec {u}_L) \\&= \frac {1}{2} \sum \limits _{l=1}^n \statemat {A}_{il}(\statevec {u}_L)\delta _{lj} = \frac {1}{2}\statemat {A}_{ij}(\statevec {u}_L). \end {aligned} \label {Xeqn38-41}\end {equation}


$\hat {s} \coloneqq 1 - s$


\begin {equation}\begin {aligned} \statevec {D}^-\left (\statevec {u}_L, \statevec {u}_R\right ) &= \int _0^1 \hat {s} \statemat {A}\,\statemat {H}(\statevec {w}_R + \hat {s} \left (\statevec {w}_L - \statevec {w}_R\right )) \jump {\statevec {w}} \text {d}s \\&= -\int _0^1 \hat {s}\statemat {A}\,\statemat {H}(\statevec {w}_L + \hat {s}\left (\statevec {w}_R - \statevec {w}_L\right )) \jump {\statevec {w}} \text {d}\hat {s} = -\statevec {D}^+\left (\statevec {u}_R, \statevec {u}_L\right ). \end {aligned} \label {Xeqn39-42}\end {equation}


\begin {equation}\label {eq:strat_2_splitting_1} \begin {aligned} \statevec {D}^-(\statevec {u}_L, \statevec {u}_R) + \statevec {D}^+(\statevec {u}_L, \statevec {u}_R) &= \int _0^1 \statemat {B}(\Phi (s; \statevec {u}_L, \statevec {u}_R) \frac {\partial \Phi (s; \statevec {u}_L, \statevec {u}_R)}{\partial s} \text {d}s + \jump {\statevec {f}}, \end {aligned}\end {equation}


$\statemat {B}(\statevec {u})\statevec {u}_x$


$\statevec {v}(\statevec {u})$


\begin {equation}\begin {aligned} \statevec {D}^-(\statevec {u}_L, \statevec {u}_R) + \statevec {D}^+(\statevec {u}_L, \statevec {u}_R) &= \int _0^1 \statemat {B}(\Phi (s)) \statevec {u}_{\statevec {v}}(\Phi (s)) \frac {\partial \Phi (s)}{\partial s} \text {d}s + \jump {\statevec {f}}. \end {aligned} \label {Xeqn41-44}\end {equation}


$\Phi (s) \coloneqq \Phi (s; \statevec {u}_L, \statevec {u}_R)$


$\statevec {v}(\statevec {u})$


\begin {equation}\Phi (s; \statevec {u}_L, \statevec {u}_R) := \statevec {v}(\statevec {u}_L) + s (\statevec {v}(\statevec {u}_R) - \statevec {v}(\statevec {u}_L)). \label {Xeqn42-45}\end {equation}


\begin {equation}\begin {aligned} \statevec {D}^{\pm }(\statevec {u}_L, \statevec {u}_R) &= \frac {1}{2}\bar {\statemat {B}}^{\pm }(\statevec {u}_L, \statevec {u}_R)\jump {\statevec {v}} \pm \left (\statevec {f}^{\pm } - \statevec {f}^{*}(\statevec {u}_L, \statevec {u}_R)\right ), \end {aligned} \label {eq:definition_ec_flux_strategy_2}\end {equation}


$\bar {\statemat {B}}^{\pm } : \stateset \times \stateset \rightarrow \mathbb {R}^{n \times n}$


\begin {align}2\bar {\statemat {B}}^{\pm }(\statevec {u}, \statevec {u}) &= \statemat {B}(\statevec {u})\statevec {u}_{\statevec {v}}(\statevec {u})\label {eq:fluctuation_strat2_cond1}, \\ \bar {\statemat {B}}^{-}(\statevec {u}_R, \statevec {u}_L) &= \bar {\statemat {B}}^{+}(\statevec {u}_L, \statevec {u}_R), \label {eq:fluctuation_strat2_cond2} \\ \bar {\statemat {B}}^{-}(\statevec {u}_L, \statevec {u}_R) + \bar {\statemat {B}}^{+}(\statevec {u}_L, \statevec {u}_R) &= \int _0^1 \statemat {B}(\Phi (s))\statevec {u}_{\statevec {v}}(\Phi (s)) \text {d}s. \label {eq:fluctuation_strat2_cond3}\end {align}


$\statevec {f}^* : \stateset \times \stateset \rightarrow \mathbb {R}^n$


\begin {equation}\label {eq:consistency_condition_cons_flux} \begin {aligned} \statevec {f}^*(\statevec {u}, \statevec {u}) &= \statevec {f}(\statevec {u}),\\ \statevec {f}^*(\statevec {u}_L, \statevec {u}_R) &= \statevec {f}^*(\statevec {u}_R, \statevec {u}_L), \end {aligned}\end {equation}


$\statevec {f}^- = \statevec {f}(\statevec {u}_L)$


$\statevec {f}^{+} = \statevec {f}(\statevec {u}_R)$


\begin {equation}\jump {q - \statevec {w}^T\statevec {f}} = \statevec {w}_R^T\bar {\statemat {B}}^+(\statevec {u}_L, \statevec {u}_R)\jump {\statevec {v}} + \statevec {w}_L^T\bar {\statemat {B}}^-(\statevec {u}_L, \statevec {u}_R)\jump {\statevec {v}} - \jump {\statevec {w}}^T\statevec {f}^*(\statevec {u}_L, \statevec {u}_R). \label {eq:entropy_conservation_condition_strategy_2}\end {equation}


\begin {equation*}\statevec {D}^{\pm }(\statevec {u}_L, \statevec {u}_R) = \bar {\statemat {B}}^{\pm }(\statevec {u}_L, \statevec {u}_R)\jump {\statevec {v}} \pm \left (\statevec {f}^{\pm } - \statevec {f}^{*}(\statevec {u}_L, \statevec {u}_R)\right ),\end {equation*}


\begin {equation}\left (\frac {\partial \statevec {D}^{-}(\statevec {u}_L, \statevec {u}_R)}{\partial \statevec {u}_R}\Big |_{\statevec {u}_R = \statevec {u}_L}\right ) = \frac {\partial \bar {\statemat {B}}^{-}(\statevec {u}_L, \statevec {u}_R) \jump {\statevec {v}}}{\partial \statevec {u}_R}\Big |_{\statevec {u}_R = \statevec {u}_L} + \frac {\partial \statevec {f}^*\left (\statevec {u}_L, \statevec {u}_R\right )}{\partial \statevec {u}_R}\Big |_{\statevec {u}_R = \statevec {u}_L}. \label {Xeqn46-52}\end {equation}


\begin {equation}\frac {\partial \statevec {f}^*\left (\statevec {u}_L, \statevec {u}_R\right )}{\partial \statevec {u}_R}\Big |_{\statevec {u}_R = \statevec {u}_L} = \frac {1}{2} \frac {\partial \statevec {f}(\statevec {u})}{\partial \statevec {u}}\Big |_{\statevec {u} = \statevec {u}_L} \label {eq:accuracy_conservative_part}\end {equation}


\begin {equation}\begin {aligned} \frac {\partial \left (\bar {\statemat {B}}^{-}(\statevec {u}_L, \statevec {u}_R) \jump {\statevec {v}}\right )_{(i)}}{\partial {\statevec {u}_R}_{(j)}}\Big |_{\statevec {u}_R = \statevec {u}_L} &= \frac {\partial }{\partial {\statevec {u}_R}_{(j)}} \left (\sum \limits _{k=1}^n \bar {\statemat {B}}^-_{ik}(\statevec {u}_L, \statevec {u}_R)\left ( {\statevec {v}_R}_{(k)} - {\statevec {v}_L}_{(k)}\right )\right )\Big |_{\statevec {u}_R = \statevec {u}_L} \\&= \sum \limits _{k=1}^n \frac {\partial \bar {\statemat {B}}^-_{ik}(\statevec {u}_L, \statevec {u}_R)}{\partial {\statevec {u}_R}_{(j)}}\Big |_{\statevec {u}_R = \statevec {u}_L} \left ( {\statevec {v}_L}_{(k)} - {\statevec {v}_L}_{(k)}\right ) + \bar {\statemat {B}}_{ij}^-(\statevec {u}_L, \statevec {u}_L) \frac {\partial \statevec {v}_{(k)}(\statevec {u}_R)}{\partial {\statevec {u}_R}_{(j)}}\Bigg |_{\statevec {u}_R = \statevec {u}_L} \\&= \frac {1}{2}\sum \limits _{l=1}^n\statemat {B}_{il}(\statevec {u}_L)\sum \limits _{k=1}^n(\statevec {u}_{\statevec {v}}(\statevec {v}(\statevec {u}_L)))_{lk} (\statevec {v}_{\statevec {u}}(\statevec {u}_L))_{kj} \\&= \frac {1}{2} \sum \limits _{l=1}^n \statemat {B}_{il}(\statevec {u}_L)\delta _{lj} = \frac {1}{2} \statemat {B}_{ij}(\statevec {u}_L). \end {aligned} \label {eq:accuracy_noncons_part}\end {equation}


\begin {equation}\left (\frac {\partial \statevec {D}^{-}(\statevec {u}_L, \statevec {u}_R)}{\partial \statevec {u}_R}\Big |_{\statevec {u}_R = \statevec {u}_L}\right ) = \frac {1}{2}\left (\statemat {B}(\statevec {u}) + \frac {\partial \statevec {f}(\statevec {u})}{\partial \statevec {u}}\right )\Big |_{\statevec {u} = \statevec {u}_L} = \frac {1}{2}\statemat {A}(\statevec {u}_L) . \label {Xeqn49-55}\end {equation}


$\statevec {D}_{ES}^{\pm }$


\begin {equation}\statevec {D}^{\pm }_{ES}(\statevec {u}_L, \statevec {u}_R) = \statevec {D}^{\pm }_{EC}(\statevec {u}_L, \statevec {u}_R) \pm \statemat {Q}(\statevec {u}_L, \statevec {u}_R)\jump {\statevec {u}}, \label {Xeqn50-56}\end {equation}


$\statevec {D}^{\pm }_{EC}$


$\statemat {Q}: \stateset \times \stateset \rightarrow \mathbb {R}^{n \times n}$


\begin {equation}\jump {\statevec {w}}^T \statemat {Q}(\statevec {u}_L, \statevec {u}_R) \jump {\statevec {u}} \geq 0. \label {eq:es_dissipation_inequality}\end {equation}


\begin {equation*}\omega _i \frac {\Delta x_k}{2} \frac {\partial \statevec {U}_i^k}{\partial t} + \omega _i \sum \limits _{m=0}^N 2\mathcal {D}_{im} \statevec {D}^-_{EC}(\statevec {U}_i^k,\statevec {U}_m^k) + \delta _{i0}\statevec {D}_{ES}^+(\statevec {U}_N^{k-1}, \statevec {U}_0^k) + \delta _{iN}\statevec {D}^-_{ES}(\statevec {U}_N^{k}. \statevec {U}_0^{k+1}) = 0,\end {equation*}


$\statevec {D}^{\pm }_{EC}$


$\statevec {D}^{\pm }_{ES}$


\begin {equation}\sum \limits _{i=0}^N \omega _i\frac {\Delta x_k}{2} \frac {\partial S(\statevec {U}_i^k)}{\partial t} \leq Q(\statevec {U}_N^{k-1}, \statevec {U}_0^k) -Q(\statevec {U}_N^k, \statevec {U}_0^{k+1}), \label {Xeqn52-58}\end {equation}


$Q$


$Q(\statevec {u}, \statevec {u}) = q(\statevec {u})$


$(\cdot )_L = \avg {\cdot } - \frac {1}{2}\jump {\cdot }$


$(\cdot )_R = \avg {\cdot } + \frac {1}{2}\jump {\cdot }$


\begin {equation}\begin {aligned} \sum \limits _{i=0}^N \omega _i\frac {\Delta x_k}{2} \frac {\partial S(\statevec {U}_i^k)}{\partial t} &= \left (q_0^k - {\statevec {W}_0^k}^T\statevec {D}^+_{ES}(\statevec {U}_N^{k-1}, \statevec {U}_0^k)\right ) -\left (q_N^k + {\statevec {W}_N^k}^T\statevec {D}^-_{ES}(\statevec {U}_N^{k}, \statevec {U}_0^{k+1})\right ) \\ &= \left (q_0^k - {\statevec {W}_0^k}^T\statevec {D}^+_{EC}(\statevec {U}_N^{k-1}, \statevec {U}_0^k) - {\statevec {W}_0^k}^T\statemat {Q}(\statevec {U}_N^{k-1}, \statevec {U}_0^k)(\statevec {U}_0^{k} - \statevec {U}_N^{k-1})\right ) \\ &\quad -\left (q_N^k + {\statevec {W}_N^k}^T\statevec {D}^-_{EC}(\statevec {U}_N^{k}, \statevec {U}_0^{k+1}) - {\statevec {W}_N^k}^T\statemat {Q}(\statevec {U}_N^{k}, \statevec {U}_0^{k+1})(\statevec {U}_0^{k+1} - \statevec {U}_N^{k})\right ) \\ &= \left (q_0^k - {\statevec {W}_0^k}^T\statevec {D}^+_{EC}(\statevec {U}_N^{k-1}, \statevec {U}_0^k) - \left ({\statevec {W}_N^{k-1}} + \statevec {W}_0^{k}\right )^T\frac {1}{2}\statemat {Q}(\statevec {U}_N^{k-1}, \statevec {U}_0^k)(\statevec {U}_0^{k} - \statevec {U}_N^{k-1})\right ) \\ &\quad -\left (q_N^k + {\statevec {W}_N^k}^T\statevec {D}^-_{EC}(\statevec {U}_N^{k}, \statevec {U}_0^{k+1}) - \left ({\statevec {W}_N^k} + \statevec {W}_0^{k+1}\right )^T\frac {1}{2}\statemat {Q}(\statevec {U}_N^{k}, \statevec {U}_0^{k+1})(\statevec {U}_0^{k+1} - \statevec {U}_N^{k})\right ) \\ &\quad - \left ({\statevec {W}_0^k} - \statevec {W}_N^{k-1}\right )^T\frac {1}{2}\statemat {Q}(\statevec {U}_N^{k-1}, \statevec {U}_0^k)(\statevec {U}_0^{k} - \statevec {U}_N^{k-1}) - \left ({\statevec {W}_0^{k+1}} - \statevec {W}_N^{k}\right )^T\frac {1}{2}\statemat {Q}(\statevec {U}_N^{k}, \statevec {U}_0^{k+1})(\statevec {U}_0^{k+1} - \statevec {U}_N^{k}) \\&\leq Q(\statevec {U}_N^{k-1}, \statevec {U}_0^k) -Q(\statevec {U}_N^k, \statevec {U}_0^{k+1}), \end {aligned} \label {Xeqn53-59}\end {equation}


\begin {equation}\begin {aligned} Q(\statevec {U}_N^{k-1}, \statevec {U}_0^k) &= \left (q_0^k + {\statevec {W}_0^k}^T\statevec {D}^+_{EC}(\statevec {U}_N^{k-1}, \statevec {U}_0^k) - \left ({\statevec {W}_N^{k-1}} + \statevec {W}_0^{k}\right )^T\frac {1}{2}\statemat {Q}(\statevec {U}_N^{k-1}, \statevec {U}_0^k)(\statevec {U}_0^{k} - \statevec {U}_N^{k-1})\right ) \\&= \left (q_N^{k-1} - {\statevec {W}_N^{k-1}}^T\statevec {D}^-_{EC}(\statevec {U}_N^{k-1}, \statevec {U}_0^{k}) - \left ({\statevec {W}_N^{k-1}} + \statevec {W}_0^{k}\right )^T\frac {1}{2}\statemat {Q}(\statevec {U}_N^{k-1}, \statevec {U}_0^k)(\statevec {U}_0^{k} - \statevec {U}_N^{k-1})\right ). \end {aligned} \label {Xeqn54-60}\end {equation}


$S(\statevec {u})$


$\statevec {w} = S_{\statevec {u}}$


$\statevec {u}_L, \statevec {u}_R \in \stateset $


\begin {equation}\statemat {Q}_{llf}(\statevec {u}_L, \statevec {u}_R) = \frac {1}{2}|\lambda |_{\max }\statemat {I} \label {Xeqn55-61}\end {equation}


$S(\statevec {u})$


\begin {equation}\begin {aligned} S(\statevec {u}_R) \geq S(\statevec {u}_L) + \nabla S(\statevec {u}_L)^T(\statevec {u}_R - \statevec {u}_L),\\ S(\statevec {u}_L) \geq S(\statevec {u}_R) + \nabla S(\statevec {u}_R)^T(\statevec {u}_L - \statevec {u}_R). \end {aligned} \label {Xeqn56-62}\end {equation}


$\nabla S(\statevec {u}) = \statevec {w}$


\begin {equation}0 \leq (\nabla S(\statevec {u}_R)^T - \nabla S(\statevec {u}_L)^T)(\statevec {u}_R - \statevec {u}_L) = \jump {\statevec {w}}^T\jump {\statevec {u}} \label {Xeqn57-63}\end {equation}


$\statemat {A}\,\statemat {H}$


$\statemat {H}$


$\statemat {Q}$


\begin {equation}\statemat {Q}_{ES} \coloneqq \alpha \statemat {Q}_{llf} + \left (1 - \alpha \right ) \statemat {Q}, \quad \alpha \in [0, 1] \label {eq:ansatz_blended_dissipation}\end {equation}


$\statemat {Q}_{ES}$


$\alpha $


$\statemat {Q}$


$\alpha = 0$


$\statemat {Q}_{llf}$


$\alpha = 1$


$0<\alpha <1$


$\alpha $


\begin {equation}\Delta S = \jump {\statevec {w}}^T \statemat {Q}\jump {\statevec {u}}, \quad \Delta S_{\!llf} = \jump {\statevec {w}}^T \statemat {Q}_{llf}\jump {\statevec {u}}. \label {Xeqn59-65}\end {equation}


\begin {equation}\alpha \Delta S_{\!llf} + (1-\alpha ) \Delta S \,\changeOne {\geq }\, 0, \label {Xeqn60-66}\end {equation}


\begin {equation}\label {eq:definition_alpha} \changeOne {\alpha = \begin {cases} 0 & \text {for } \Delta S \geq 0, \\ \changeOne { \frac {\Delta S}{\Delta S - \Delta S_{\!llf}} } & \text {else.} \end {cases}}\end {equation}


$\Delta S < 0$


$\Delta S_{\!llf} \geq 0$


$\Delta S - \Delta S_{llf} < \Delta S < 0$


$0 < \alpha \leq 1$


\begin {equation}\label {eq:sve_system} \begin {cases} \partial _t h + \partial _x hv = 0, \\ \partial _t hv + \partial _x hv^2 + gh\partial _x (h + b) + \frac {1}{r}gh_b\partial _x (rh + b) + \frac {\tau }{\rho _f} = 0,\\ \partial _t b + \partial _x q_b = 0, \end {cases}\end {equation}


$h(x,t)$


$hv(x,t)$


$b(x,t)$


$g$


$r = \rho _f / \rho _s$


$\rho _f$


$\rho _s$


$\tau $


\begin {equation}\tau = \frac {\rho _f g n^2 v|v|}{h^{1/3}}, \label {Xeqn63-69}\end {equation}


$n$


$q_b(h, hv)$


$h_b \coloneqq \frac {q_b}{v}$


\begin {equation}\label {eq:grass_formula} \frac {q_b}{\vartheta } = A_g v^3,\end {equation}


$A_g \in [0,1]$


$\vartheta = 1 / (1 - \varphi )$


$\varphi $


\begin {equation}\label {eq:mpm_formula} \frac {q_b}{\vartheta } = \text {sgn}(\tau ) 8(\theta - \theta _c)^\frac {3}{2}_+ \sqrt {g \left (\frac {1}{r} - 1\right ) d_s^3},\end {equation}


$\theta = \frac {\tau }{(\rho _s - \rho _f)gd_s}$


$\theta _c$


$\theta _c = 0.047$


$d_s$


$\statemat {A}\statevec {u}_x = 0$


$\mathbf {u}(x,t) := \left ( h, hv, b\right )^T$


\begin {equation}\statemat {A}(\statevec {u}) = \begin {pmatrix} 0 & 1 & 0 \\ g(h + h_b)- v^2 & 2v & g(h+\frac {1}{r}h_b) \\ \frac {\partial q_b}{\partial h} & \frac {\partial q_b}{\partial hv} & 0 \end {pmatrix}. \label {Xeqn66-72}\end {equation}


\begin {equation}\mathcal {U}_{wb}\coloneqq \{\statevec {u}(x, t) : h(x,t) + b(x,t) = H_0, \, hv(x,t) = 0, \quad t \geq 0\}, \label {eq:lake-at-rest conditions}\end {equation}


$H_0 \in \mathbb {R}$


\begin {equation}\begin {aligned} S(\statevec {u}) = \frac {1}{2}rhv^2 + \frac {1}{2}g(rh^2 + b^2) + rghb, \quad q(\statevec {u}) = rhv\left (\frac {v^2}{2} + g(h + b)\right ) + gq_b(rh+b). \end {aligned} \label {Xeqn68-74}\end {equation}


$\statevec {u}$


\begin {equation}\statevec {w}(\statevec {u}) = \begin {pmatrix} r(g(h + b) - \frac {v^2}{2}) \\ rv\\ g(rh+b) \end {pmatrix}, \label {Xeqn69-75}\end {equation}


\begin {equation}\statevec {f}(\statevec {u}) = \begin {pmatrix} hv \\ hv^2 \\ q_b \end {pmatrix} ,\quad \statemat {B}(\statevec {u}) = \begin {pmatrix} 0 & 0 & 0 \\ g(h + h_b) & 0 & g(h + \frac {1}{r} h_b) \\ 0 & 0 & 0 \end {pmatrix}. \label {Xeqn70-76}\end {equation}


$h_b(\statevec {u})$


\begin {equation}\statevec {v}(\statevec {u}) := \begin {pmatrix} h \\ h_b \\ b \end {pmatrix}, \quad \statemat {B}(\statevec {v}) = \begin {pmatrix} 0 & 0 & 0 \\ g(h + h_b) & 0 & g(h + \frac {1}{r} h_b) \\ 0 & 0 & 0 \end {pmatrix} ,\quad \statevec {u}_{\statevec {v}} = \begin {pmatrix} 1 & 0 & 0 \\ -\frac {\partial h_b}{\partial h} / \frac {\partial h_b}{\partial hv} & 1 / \frac {\partial h_b}{\partial hv} & 0 \\ 0 & 0 & 1 \end {pmatrix}. \label {Xeqn71-77}\end {equation}


$\statevec {v}$


\begin {equation}\bar {\statemat {B}}^{-}(\statevec {u}_L, \statevec {u}_R) + \bar {\statemat {B}}^{+}(\statevec {u}_L, \statevec {u}_R) = \int _0^1 \statemat {B}(\statevec {v})\statevec {u}_{\statevec {v}}\text {d}s = \begin {pmatrix} 0 & 0 & 0 \\ g(\avg {h} + \avg {h_b}) & 0 & g(\avg {h} + \frac {1}{r}\avg {h_b}) \\ 0 & 0 & 0 \end {pmatrix}. \label {Xeqn72-78}\end {equation}


$\statevec {f}^*$


$\bar {\statemat {B}}^{\pm }$


$\bar {\statemat {B}}^{\pm }$


$\bar {\statemat {B}}^- = \frac {1}{2}\statemat {B}(\statevec {u}_L)$


$\bar {\statemat {B}}^+ = \frac {1}{2}\statemat {B}(\statevec {u}_R)$


$\bar {\statemat {B}}^\pm (\statevec {u}_L, \statevec {u}_R) = \frac {1}{2}\statemat {B}(\avg {\statevec {u}})$


$\statevec {f}^*$


\begin {equation}\statevec {D}_{EC}^{\pm } = \bar {\statemat {B}}^{\pm }\jump {\statevec {v}} \pm (\statevec {f}^{\pm } - \statevec {f}^*), \quad \statevec {f}^* = \begin {pmatrix} \avg {hv} \\ \avg {hv}\avg {v} \\ \avg {q_b} \end {pmatrix}, \quad \bar {\statemat {B}}^- = \frac {1}{2}\statemat {B}(\statevec {u}_L), \quad \bar {\statemat {B}}^+ = \frac {1}{2}\statemat {B}(\statevec {u}_R). \label {eq:ec_fluctuation_sve}\end {equation}


$\statemat {Q}_{roe} := \frac {1}{2}|\statemat {A}_{roe}| = \frac {1}{2}\statemat {R}|\statemat {\Lambda }|\statemat {R}^{-1}$


$\statemat {R}$


$|\statemat {\Lambda }| := \text {diag}(|\lambda _1|, \ldots , |\lambda _m|)$


$\statemat {A}_{roe} := \statemat {A}(\tilde {\statevec {u}})$


\begin {equation}\begin {aligned} \tilde {\statevec {u}}(\statevec {u}_L, \statevec {u}_R) \coloneqq \left ( \tilde {h} , \; \tilde {h}\tilde {v} , \; \tilde {b} \right )^T \approx \left (\avg {h} , \; \avg {h}\frac {\sqrt {h_L}v_L + \sqrt {h_R}v_R}{\sqrt {h_L} + \sqrt {h_R}} , \; \avg {b}\right )^T. \end {aligned} \label {Xeqn74-80}\end {equation}


$|\statemat {A}_{roe}|$


$\statemat {A}_{roe}$


$\statemat {A}_{roe}\statevec {r}_i = \lambda _i \statevec {r}_i$


\begin {equation}\statemat {R} = \begin {pmatrix} \statevec {r}_1, \statevec {r}_2, \statevec {r_3} \end {pmatrix}, \quad \statevec {r}_i = \begin {pmatrix} 1, & \lambda _i, & \frac {(\tilde {v} - \lambda _i)^2 - c_1}{c_2} \end {pmatrix}^T. \label {Xeqn75-81}\end {equation}


\begin {equation}\statemat {R}^{-1} = \begin {pmatrix} \statevec {l}_1, \statevec {l}_2, \statevec {l_3} \end {pmatrix}^T, \quad \statevec {l}_i = \begin {pmatrix} \dfrac {c_1 - \tilde {v}^2 + \lambda _j \lambda _k}{(\lambda _i - \lambda _j)(\lambda _i - \lambda _k)},& \dfrac {2 \tilde {v} - \lambda _j - \lambda _k}{(\lambda _i - \lambda _j)(\lambda _i - \lambda _k)},& \dfrac {c_2}{(\lambda _i - \lambda _j)(\lambda _i - \lambda _k)} \end {pmatrix}, \label {Xeqn76-82}\end {equation}


$c_1 = g (\tilde {h} + \changeOther {\tilde {h}_b})$


$c_2 = g (\tilde {h} + \frac {\changeOther {\tilde {h}_b}}{r})$


$\tilde {h}_b = \frac {q_b(\tilde {\statevec {u}})}{\tilde {v}}$


$i,j,k$


\begin {equation}\statemat {Q}_{ES-roe} = \alpha \statemat {Q}_{llf} + (1-\alpha ) \statemat {Q}_{roe}, \label {Xeqn77-83}\end {equation}
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of paths through state space across a discontinuity. From this theory, Parés [13] established the framework of path-conservative
FV schemes formulated in terms of fluctuations that incorporate the path definition into the numerical scheme. A problem in the
application of path-conservative methods for problems involving discontinuities is that weak solutions depend on the chosen family
of paths [13]. Furthermore, even if the correct paths are known, path-conservative methods may fail to converge to the correct
weak solution if numerical viscosity is inconsistent with the underlying physical viscosity mechanism [14,15]. Therefore, results
obtained with path-conservative methods for problems involving strong shocks must be interpreted with caution. In a similar way,
nonconservative DG methods using the theory from [12] have been formulated in [16,17]. Entropy stable formulations have been
developed by Castro et al. [14], by creating entropy conservative (EC) and ES fluctuations for the path-conservative FV schemes
from [13]. Renac [18] extended the ES-DGSEM to nonconservative systems by introducing a special volume integral and high-order
accurate EC fluctuations. The method was further extended to balance laws in nonconservative form [19] and two-dimensional
curvilinear meshes [20].

Despite the recent progress in the development of entropy stable DG methods for nonconservative systems, several open issues
remain. First, existing EC fluctuations typically assume a specific structure of the nonconservative product and it remains unclear
when fluctuations that are both entropy and path-conservative exist. As a consequence, formulating ES methods for new models
may require substantial model-dependent derivations. Second, for many applications the choice of dissipation term to construct ES
fluctuations requires careful consideration to ensure structure-preserving properties of the scheme. Classical entropy symmetrization
arguments due to Barth [21] do not apply in the presence of nonconservative terms [22], which severely restricts the design of
provably stable dissipation terms.

In this work, we address these issues by revisiting the nonconservative DGSEM formulation from [18] and extend it with a more
general class of EC fluctuations. Using the structure of these new EC fluctuations, we provide a strategy that constructs EC fluctuations
explicitly without requiring any model-specific derivations, and a second strategy, which provides more efficient fluctuations if a
closed-form solution can be found. We further introduce a novel blending procedure, that allows us to construct ES fluctuations from
general matrix-valued dissipation terms. Finally, we apply the resulting ES-DGSEM to the Saint-Venant-Exner (SVE) equations, which
is a coupled system modeling the interaction of shallow water flow with sediment transport. We consider the formulation derived
by Fernandez-Nieto et al. [23], which, due to the existence of a mathematical entropy function and the strong nonlinearity in the
nonconservative product, makes for an ideal test case of the proposed strategies.

The main novelties in this work are the development of the general framework for constructing EC fluctuations, including both
the general model-independent strategy and the efficient closed-form strategy, and the novel blending procedure to construct ES
fluctuations from general matrix-valued dissipation terms. Furthermore, to the best of our knowledge, this work provides the first ES
and high-order discretization for the SVE system.

In Section 2, we discuss the continuous entropy analysis and symmetrization properties for nonconservative systems. We then for-
mulate the nonconservative DGSEM and introduce strategies to construct EC and ES fluctuations in Section 3. The proposed method-
ology is then applied in Section 4 to develop a high-order, ES, and well-balanced approximation for the SVE system. Numerical results
for the SVE system are presented in Section 5 to validate the theoretical findings and demonstrate convergence, well-balancedness,
and ES properties. Finally, we conclude our findings in Section 6.

2. Entropy analysis

We consider nonlinear systems with nonconservative terms of the form
u, +f(u), + Bwu, =0, (@D)]

where f(u) € R" denotes a conservative flux function, B(u)u, is a nonconservative product with coefficient matrix B(u) € R™" and
u(x, 1) € R" is the vector of solution variables. Herein, we assume this nonconservative product contains only true nonconservative
terms, which cannot be expressed as the gradient of a vector-valued function. Systems such as (1) can also be represented in quasilinear
form

u, + Awu, =0, (2)

with the generalized Jacobian A :=f, + B, composed of the flux Jacobian f,(u) € R”" and the nonconservative coefficient matrix B.
In the following, we give a brief overview to the continuous entropy theory for nonlinear systems and then discuss some key
differences that arise in the presence of nonconservative terms. A nonconservative system (1) may admit an entropy pair consisting

of a convex mathematical entropy function S(u) € R and a corresponding entropy flux g(u) € R. Such entropy pairs must satisfy the
entropy flux compatibility condition
4y =S, (&, + B)=w'(f, + B), (3)

where w(u) := S,(u) € R" denotes a new set of entropy variables for the system. For a strictly convex entropy function the Hessian
S,u = W, is symmetric positive definite and, thus, provides a one-to-one mapping between solution variables u and entropy variables
w.

Systems equipped with an entropy pair satisfy an additional conservation law for the mathematical entropy. For smooth solutions,
multiplying system (1) from the left with entropy variables and integrating over a domain Q yields an integral version of this auxiliary
scalar entropy conservation law

/wT(u,+fX+§ux)dx:/S,+qxdx:0. 4)
Q Q
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In the presence of discontinuities physically relevant solutions of (1) should instead satisfy an entropy inequality
/S,+qxdx§0. (5)
Q

For hyperbolic conservative systems, the existence of a mathematical entropy function is directly linked to symmetrization and
skew-symmetric forms. In [24,25] it was shown that a conservative hyperbolic system is symmetrized by a change of variables if and
only if there exists an entropy pair for the system. These results establish that conservative hyperbolic systems (B = 0) are symmetrized
when written in terms of entropy variables

u, + fx = Ewt + fuﬂwx = 0’ (6)

where we introduce the Hessian of the entropy function H L) := w, and its inverse H(w(u)) := u,, which provide the mapping
between both variable sets. While the theorems from [24,25] establish this symmetry connection for conservative systems, these
results do not extend in the presence of nonconservative products. In fact it was demonstrated in [22] that, while nonconservative
systems may still satisfy an auxiliary entropy conservation law, the connection between entropy functions and symmetrization breaks
down.

To examine the symmetrization properties and its breakdown, we differentiate the compatibility condition (3) and then apply the
chain rule to obtain

H™' (€, + B) + W (£ + B,) = dyu. @)

In this expression, we identify g, to be symmetric as it is the Hessian of the entropy flux, while w”f,, is symmetric, as it involves a
linear combination of Hessians f,, € R™"™" = ((f|)yys ---» (f,)uu)- Grouping the known symmetric terms on the right, we find that

H™'®, +B)+w (B, issymmetric. (8)

For conservative systems (B = 0), this yields the known result that H~! acts as left symmetrizer for the flux Jacobian f,. With H~!
symmetric positive definite, this is equivalent to H being a right symmetrizer to f,, establishing the symmetry of (6), see Lemma 4
in Appendix A.

In contrast, for nonconservative systems (B # 0) only the sum H~'f, + w B, is symmetric, hence neither H~!(f, + B) nor (f, + B)H
remains symmetric. Therefore, formulating the nonconservative system (2) in terms of entropy variables

u, +f +Bu. =Hw, +{f,+ B)Hw, =0, )

does not yield a symmetrized form of the system.

While this does not affect the existence of an entropy pair or the corresponding entropy conservation law for nonconservative
systems, the loss of symmetry restricts the design of entropy stable dissipation operators for numerical approximations. In particular,
it prevents the use of the eigenvector scaling of Barth [21] commonly used to create matrix dissipation operators for conservative
systems as it relies on entropy symmetrization.

3. Entropy stable DGSEM

In the following we introduce a DGSEM for the one-dimensional nonconservative system (2). Similar to [18], we consider a
special volume integral and provide a novel ansatz for EC fluctuations to obtain an EC discretization. We then provide two strategies
how to construct such EC fluctuation with the novel ansatz. The first strategy in Section 3.2.1 enables a general construction of
EC fluctuations without any model dependent derivations, while the second strategy in Section 3.2.2 is more efficient, but requires
model dependent derivations. Finally, we propose a blending procedure to construct ES fluctuations, that are introduced at element
interfaces to construct a scheme that recovers a semidiscrete version of the entropy inequality (5).

3.1. Nonconservative DGSEM

First, we divide the physical domain Q into K non-overlapping elements Q* = [x,_,, x,] of size Ax;, = x;, — x,_,withk=1... K.On
each element QF, we introduce a local vector-valued approximation space [P?(Q¥)]" of polynomials up to degree p that are combined
to obtain the DG approximation space

VP = (v : vlgr € PP, VOF € Q}, (10)
with possibly discontinuous functions across element interfaces. The numerical approximation is then denoted by u € [V?]". Further-
more, we denote uf 1= ling) u(x; + €) as the one-sided limits of the discontinuous solution u at the interface node x, from the left —

€—

and right +, respectively. Thus, on the element QF the left interface node, x,_;, is denoted with + and the right interface node, x,,
is denoted with —. We multiply with a test function ¢ € V” and integrate over the domain to obtain the element-wise semidiscrete
weak form of (2) [16,18]

/k ¢u,dx + /k ¢Au, dx + ¢271D+(“;—1’“271) + ¢, D (u,u) =0, VeV a1
Q Q
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Following the idea of path-conservative schemes [13], the integrals at interfaces in (11) are split into a pair of fluctuations D* :
R" x R" — R" that represent the contributions to elements adjacent to the corresponding interface. These fluctuations are Lipschitz
continuous functions that satisfy the following consistency and path-conservation condition for two states u; ,u; € R”

D*(u,u) = 0, 12)
1
D‘(uL,uR)+D+(uL,uR)=/ A(D(s;up,ug))0,P(s;up, ug)ds. 13)
0

This formulation assumes the definition of the nonconservative product as a Borel measure as introduced in [12], where the non-
conservative product at discontinuities depends on the Lipschitz continuous path function ®(s;u;,ug) : [0,1] X R" X R" — R", which
connects the two states u;, uy and satisfies the consistency conditions

d0;uy,ug) =u;, D(u;,ug)=ug, &(s;u,u) =u a4

The fluctuations contain the contribution of the nonconserative product at interfaces and play the role of incorporating a specified
path function ®(s;u;,uy) into the numerical method.
Once the path and fluctuations are chosen, each element Q* is mapped onto the reference element E = [—1, 1] with the mapping

x=Xk(§)=xk_l+%Axk, Ee-1,1]. (15)

We apply the affine map (15) and rewrite the spatial derivatives in (11) in terms of &, to obtain the weak formulation on the reference
element
Ax
Tk /E ¢du,dx + /E pAu.dé + ¢Z_1D+(“;—1’“Z_1) + qﬁ;D‘(u;,uz) =0, V¢peVr (16)

On the reference element E, we approximate the solution with a local basis of polynomials of degree N

N
un U9 = Y Uj,©) a7

j=0

that is spanned by the nodal Lagrange basis functions /;(¢) with interpolation nodes {£ }fi o setat Legendre-Gauss-Lobatto (LGL) points.
For this choice of basis function we further define the discrete derivative operator [26]

_dL©

Ut de ‘£=é‘,’

approximate all integrals with LGL quadrature rules, and collocate interpolation and quadrature nodes

i,j=0,...,N, (18)

1 N
/ [@©de~ Y o, f(E). (19)
-1 =0

with LGL quadrature weights {w, } jN: o As shown in [7], this specific choice of operators satisfies the diagonal norm SBP property

0+0" =58 (20)

with the undivided difference matrix Q;; = ®;D;; and boundary matrix B;; = §;56;y — 8;96;0, where § denotes the Kronecker delta.
This property represents a discrete analog to integration-by-parts, which is key to prove entropy stability.

We use the polynomial approximation (17) for the solution variables, set the Lagrange basis polynomials as test functions, apply
LGL quadrature (19), and replace derivatives with the differentiation matrix (18) in (16) to obtain the nonconservative DGSEM
formulation

Axy ok S kypik + k-1 ik -k kL
o U +o; Y D, AUHUE +6,0D* (UK, US) + 6,y D (UK, UL = 0. 1)

m=0
3.2. Entropy conservative DGSEM

To obtain an approximation that recovers the entropy conservation law in the semidiscrete case we replace the volume integral
in the DGSEM formulation (21) with a nonconservative version of the flux differencing volume integral from [6,27]

N N
®; Y, D, AUHUE ~ w; Y 2D,,D™(UF, UY), (22)
m=0 m=0

so that the DGSEM (21) is written in flux differencing form

N
Ax, .
; T"Uf.‘ +; Y 2D, D7 (UK, UL) + 6,,DT (U, U) + 6,y D~ (UK U™ = 0. (23)

m=0
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This formulation provides a consistent and high-order accurate approximation, provided the fluctuations satisfy the consistency
condition
oD~ (u;,up)

1
=-A 5 2
| = A 24)

While this approach is motivated by the work from [18], the volume integral differs. In this work, we adopt a different structure for
the volume fluctuations together with a new consistency condition to obtain an alternative way to construct EC volume fluctuations.
Specifically, the novel ansatz was chosen in such a way that it enables the construction of EC volume fluctuations without any need
for model dependent derivations as well as a second strategy to obtain more efficient, but model dependent closed-form EC volume
fluctuations, as discussed in Sections 3.2.1 and 3.2.2.

Lemma 1. The flux differencing volume integral (22) with fluctuations satisfying (24) approximates the nonconservative product Au, with
the same order of accuracy p as the derivative matrix (18).

Proof. The proof for accuracy uses that D is a pth order accurate derivative operator. We use the chain rule and apply condition (24)
to obtain

il oD~ (u(£,),
Y 2D, D), uE,) = p 2D (ED, WEE )

P
= 0%, gumg, T OB
_ ,9D"(u;u,) ou(é) (25)
- aum up=u; O 1=t Ol
ou() )
= A(u (6))—5 rg, TOBED)

O

Next, we show that the flux differencing formulation creates a scheme that preserves an integral version of the entropy conservation
law (4) in the semidiscrete case. To do so, we assume the following structure on the fluctuations

D™ (u;,ug) = -D*(ug,u;) (26)
and that fluctuations satisfy a discrete version of the entropy conservation condition

q(ug) — g(uy) = w(u, "D (uy, up) + wlug) ' D¥ (u, ug). 27)
This leads to the definition of entropy conservative fluctuations.

Definition 1 (EC fluctuation). A fluctuation is defined as entropy conservative DJE c if it satisfies the conditions (12), (26), (24), (13),
(27), collected below for convenience

D*(u,u) =0, (28a)
1
D_(uL’uR)+D+(uLvuR)v=/ A(D(s;up,up))o,@(s;up, ug), (28b)
0
D™ (u;,ug) + D*(ug,u;) =0, (28¢)
wiD™(u;,ug) + wiD¥(u; ug) =gz — q;. (28d)
oD~ (u;,up) 1
_— ==-A . 28
g _— 2_(uL) (28e)

Lemma 2. The nonconservative DGSEM with flux differencing formulation (23) and entropy conservative fluctuations D;f_c as defined in
Definition 1 recovers the semi-discrete entropy conservation law at the element level
J Ax, aS(U")

@, —~ —5 = = 0U, Up) - O(UR,, U™, 29
i=0

where Q denotes a numerical entropy flux, consistent with the physical entropy flux Q(u,u) = g(u).

Proof. To demonstrate entropy conservation for the flux differencing formulation (23), we multiply with entropy variables W"F 1=
w(Uf.‘) and sum over the nodal values to obtain

N k N
Axk Ta kT k ik kT o+ pk—1 ik kTp- ik prk+l
ga)i > Zw ZZD,m 7c(Uk U )—g(“)&ow D} (UK UK i;&ww,. D, (UK Uk, (30)

Next, we assume that the chain rule holds in time to obtain an evolution equation for the entropy
N k N N
Ax, 9S(U;) «T — ik Tk T k=1 yrk T -k pk+l
Z“”’TT ==Y WK 3 2D, D (U, Uk) - Wi DE (UK, UF) — W) Dy (UK, UK. (31)
i=0 i=0 m=0
Next, we examine the volume term in (31) to demonstrate that volume contributions can be rewritten as entropy fluxes at inter-

faces. We first apply the SBP property (20) and use that the boundary contribution 5,,,D EC(Uk UK ) vanishes due to (28a). Then, we

5
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first swap indices i < m, apply the condition (28c) and finally use the entropy conservation condition (28d) and the SBP property
(20) to obtain the result that the volume integral generates the entropy fluxes at the boundary

N N N

T _ T —
Y oWE Y 2D, D (U UL = 3 W20, Dy (UK, UL)
i=0 m=0 i,m=0

2 WA Q0 = Qs + By D5 o (UK, UK

i,m=0

J T

Y Qun( W DU US) - WD (U, U)) (32)
i,m=0

N

Y, Qun(WE D (UL US) + WD (US, UE))

i,m=0

N
Y Qinlm = 4) = ay — do-

i,m=0

Inserting this result in (31), we then recover the element-wise form of the semi-discrete entropy conservation law

Ax, 0S(UY) P k=1 yik K kTp- Uk Uk
50 50200 g 0) - (6 e )

= (33)
= QU Up) - oUk,. Ugth,
where using (28d), we introduce the numerical entropy fluxes
O US) = (af = W DEUS L UD) = (a5 + W T DU U ). (34)
O
Theorem 1. The nonconservative DGSEM with flux differencing formulation
w,ﬂ u, Z 2D, D5 (UF, UK) + 6,D% (UKL, UK) + 6,5 D (UK, UEH) =

and EC fluctuations D7, . as defined in Definition 1 provides a design order accurate and entropy conservative approximation of system (2).
Proof. The proof follows directly from Lemma 1 and Lemma 2. O

With the conditions for high-order accuracy and entropy conservation established, it remains to demonstrate how to construct the
EC fluctuations. We provide two strategies to construct such entropy conservative fluctuations. In the first strategy, fluctuations are
constructed explicitly via a linear path in entropy variables, while in the second strategy, we prescribe a structure on the fluctuations
that guarantees the high-order accuracy, and then derive an instance that also complies with the entropy conservation condition
(28d). The second strategy should generally be preferred, due to its favorable efficiency. However, deriving closed-form expressions
for the fluctuations can be cumbersome and their existence for general models is not guaranteed. In such cases, the first strategy
provides a general and straightforward alternative, at the cost of increased computational effort.

3.2.1. Entropy conservative fluctuations: Strategy 1

The first strategy can be viewed as a generalization of Tadmor’s entropy conservative fluxes [4] to nonconservative systems. The
approach builds on the method proposed by Castro et al[14]. to construct entropy conservative fluctuations by integrating the entropy
flux compatibility condition (3). In [14] this strategy was used to construct entropy conservative fluctuations for a general family
of paths. Here, we modify the approach by writing the compatibility condition in terms of entropy variables to obtain ¢, = w' A H,
rather than solution variables. Furthermore, we consider the linear path in entropy variables

D(s) 1= D(s;uy,ug) = w, + s[w]. (35)
We introduce notation to denote the jump and arithmetic average between two states (-); and (-)g as
1
[1:=0r=0Cp, {H:= 5((')11 +0)L)- (36)
Integrating the entropy flux compatibility condition and introducing the linear path (35) yields
0<I)
lq] = /O @(5)" A@(s))H () 22 ds = / (wy + sIW])T A H(@(s))[w]ds. 37)

The resulting integral is split into distinct contrlbutlons, by factoring out w; and wy to recover the entropy conservation condition
(28d), which defines the entropy conservative fluctuations

1 1
[q] = wp)T / (1 - 5)A H(@(s)[w]ds + (wg)" / sA H(®(s)[w]ds
0 0 (38)

=(wp ) D™ (ug,ug) + (wp)'D* (uy, ug).
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Theorem 2. The fluctuations

1 1
D (u;,up) = / (1= 5)A H(®(s)) ds[w], D*(u;,up) = / sA H(®(s)) ds[w] (39)
0 0

evaluated along the linear path in entropy variables (35) are entropy conservative fluctuations according to Definition 1.
Proof. That the path-conservation condition (28b), entropy conservation condition (28d) and (28a) hold follows directly from the
construction. To demonstrate (28e) we evaluate the Jacobian element-wise

oD~ (uy,up) DG (ug,ug)
up=ujy -

Lj=1...n, (40)
Jdup i dug

LlR=llL’
where we denote the ith component with subscript (i). Then, applying the product rule and the identity H™'(u) = w,, for each
component we obtain

0D(‘I_)(uL,uR)

n 1
=0 (Z/O a _s)(éﬁ)ik(‘p(s))ds(W(k)(“R)—W(k)(“L))>

ug=ur - dugg \ o

auRU)

up=ur

n

1
0 <Z/0 (1_s)(4g)ik(<l>(s))ds>

(W) = W (up))

dupgy \ A= ug=u;
1 i ow,,(ugp)
+/ (1 -s)ds Yy (éﬂ)‘.k(w(uL))% (41)
0 k=1 URG)  lug=u,
1% c _
= 3 2 Ayr) Y H (W) H ()
=1 k=1
=1 S A 6 = 1A
=5 ;_H(uL) =5 A, @),
Lastly, (28c) follows by substitution of § :=1—s
1
D™ (ug,ug) = / SAH(wg+ §(wp —wg))[wlds
0 (42)

1
= —/ SAH(wW +8(wg —wp ) [w]ds = —D* (ug,u;).
0
O

Similar to Tadmor’s entropy fluxes for conservative systems, the integrals in (39) may not admit a closed-form solution, even
when using a linear path. In such cases integrals are approximated numerically with Gauss-quadrature. However, depending on the
type of nonlinearity, these quadrature rules can fail to approximate the integral exactly. Therefore, the accuracy of the quadrature
rule should be chosen high enough to ensure approximation errors remain around machine precision in order to ensure entropy
conservation holds. A suitable quadrature rule can therefore be determined by analyzing the approximation error with respect to
the nonlinearity of the integrand in (39). Alternatively, the required quadrature rule can be selected heuristically, by analyzing the
entropy production for an increasing order of the quadrature rule until entropy conservation is observed. On the other hand, this
accuracy requirement makes the evaluation of such fluctuations computationally expensive, which motivates the second strategy.

3.2.2. Entropy conservative fluctuations: Strategy 2

An alternative approach common in the design of entropy conservative fluxes for conservation laws is to assume two-point flux
functions that are symmetric and consistent and then determine a closed form of the entropy conservative flux from the entropy
conservation condition (28d). To generalize this approach to nonconservative systems, we separate conservative and nonconservative
contributions in (28b)

o0D(s;uy,ug)
ds

In contrast to the previous strategy, we now seek a closed form solution to the integral in (43). Especially in the presence of nonlinear
terms, this is simplified if the nonconservative product B(u)u, is expressed in a new set of variables v(u) to obtain

1
D_(uL,uR)+D+(uL,uR):/ B(P(s;uy,up) ds + [f], (43)
0

1
D~ (u,,up) + D (uy, ug) = / B@(s)u, (@) 2 ds + [H]. (44)
0
where ®(s) := ®(s;u;,ug) denotes a linear path with respect to v(u)
D(s;up,ug) 1= v(uy)+ s(v(ug) — v(uy)). (45)

Analogous to the form of the EC fluctuations (39), we assume that fluctuations have the structure

D(u;,uy) = %Bi(uL,uR)[[V]] + (= —f*(ug,up)), (46)
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where B* : R” x R" - R™" is a two-point matrix-valued function satisfying

2B*(u,u) = Bu)u,(u), 47)
B_(UR’HL) = B+(UL7 ug), (48)
1
B (u ,up)+ B (u;,up) = / B(P(s))uy, (P(s))ds. (49)
0

Furthermore, f* : R” x R" — R” is a symmetric and consistent two-point flux function
£*(u,w) = f(u),
. . (50)
f “(ug, UR) =f (up,uy),

and we introduce the notation f~ = f(u; ) and f* = f(uy) to denote the conservative flux evaluated at the left and right solution states.
With this structure we can then single out those fluctuations that provide an entropy conservative discretization by substituting
the ansatz (46) into the entropy conservation condition (28d), which yields

la—w't] = wiB" (. up)[v] + Wi B (u up)[v] = [W]" £ up up). (51)
Theorem 3. The fluctuations

D*(uy,up) = B (up, up)[v] + (F* — f*(u ,up)),
satisfying (47), (48), (49), (50) and (51) are entropy conservative fluctuations according to Definition 1.

Proof. The properties (28a), (28b), (28c), (28d) follow by construction, so we only need to show (28e). For this we consider the
nonconservative and conservative contributions separately

oD™(ug,ug) _ 0B (u . up)[v] + of* (ug,ug) (52)
oug up=uy - oup ug=uy Jdug ug=ug’
For the conservative contribution it was shown in [28] that
of* (u.up) _ 10t 53)
oup ug=u; 2 ou lu=ug

For the nonconservative part we evaluate the Jacobian element-wise, by applying the product rule and using the consistency (47)
to obtain

9 (E_ (uL’ uR)[[V]] ) i)

ur()

up=uy auR(j) k=1 up=uy

d o o
= <Z B (g, up) (Ve = VL<k>)>

< 0B, (uy, up) - Vo (ug)

(VL(k) - VL(k)) +B,,(ug,up)

o durg e Jug ;)

ugp=u; (54)

N —

L) Yy (V) (V)
k=1

B
1
Ei[(uL)ﬁlj - Egij(uL)'

N —

Finally combining the contributions (53) and (54) yields the desired result

oD~ (uy,up) 1 of ()
(B, ) = (20 52)

1
= Eé(ul‘) (55)

u=uy

a

3.3. Entropy stable DGSEM

While the entropy conservation law applies for smooth solutions, at discontinuities entropy should be dissipated. As such we
want to design a method that is entropy stable in the sense that it recovers an integral version of the entropy inequality (5) in the
semi-discrete case.

To achieve this, we use the entropy conservative DGSEM developed in the previous section as a baseline scheme to which we add
dissipation at element interfaces to recover an entropy inequality. This is achieved by replacing the entropy conservative interface
fluctuations in (23), with fluctuations that are entropy stable.

Definition 2. A fluctuation Di  is defined as entropy stable if it satisfies
DES(UL,UR) =D§C(11L,11R)ig(ubu1z)[[u]], (56)

where DEC is an entropy conservative fluctuations according to Definition 1 and Q : R” x R" - R™" is a numerical viscosity matrix
satisfying the inequality

[[w]]TQ(uL, ug)[u] >0. (57)
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Theorem 4. The nonconservative DGSEM in flux differencing formulation

Ax " aUk N _ _ _
®;— 0—1' + w; Z 2D, Dy (UK, UE) + 6,DF (UK UE) + 6,5 D (UK, UEH) = 0,
m=0
. . ; . . . + L . .

with entropy conservative volume fluctuations D and entropy stable interface fluctuations D7 ; recovers the semi-discrete entropy inequality
at the element level

N k

Ax, 9SU;) k-1 g7k k yrk+l
;‘”fTT <o Uy - Uy, Ugth), (58)

where Q denotes a numerical entropy flux, consistent with the physical entropy flux Q(u,u) = g(u).

Proof. We begin with the result from Lemma 2 and use the relations (-); = {{-}} — %[H], Or={D+ %[[-]] and (57) to obtain

Ax, 0S(UY) b kT R — ko owk Tk ket
2o —or =(‘70_Wo DUy ’UO))_(”N+WN Ds(Ux- Uy ))

=l

= (at - Wi PEUT! U - WET ol Ut - U
— (g + W DR (U UE) - WA T ok U U - 1Y)
= (o = WA D U510 - (WA + W) Lot b - k) e
— (ak + WA, D (U U — (Wh + Wi1)T 20U, U U - U )
— (Wh = W1)" 30U U — U = (Wh*T = Wh )" 2 0(U Uk — 0%
<o Uk - ok Uk,
with numerical entropy fluxes
QMU Ub) = (g -+ Wi D UL Up) = (W + Wh) S 00U U - U ) o
= (o~ Wi DU U - (Wi W) U U - U h). 7
O

Lemma 3. Let.S(u) be a convex entropy function, with respective entropy variables w = S, then for any u; ,u, € R”" the local Lax-Friedrichs
(LLF) type dissipation given by

1
Q)L uR) = S At 1)
dissipates entropy as it satisfies the inequality (57).
Proof. From convexity of .S(u) we obtain the inequalities

S(ug) > Suy)+ VS (ug —uy),

T (62)
S(uy) > Sug) +VS(ug)' (uy —up).
Adding both inequalities, and using that V.S(u) = w, yields
0 < (VSug)" = VS ) )ug —u;) = [w] [u] (63)

O

For conservative systems, more sophisticated entropy dissipation terms such as entropy stable Roe or HLL type dissipation have
been constructed [29]. However, these formulations rely on the symmetry of A H and the related identity, demonstrated in [21], that
for conservative systems the entropy Hessian is a product of scaled eigenvectors of the flux Jacobian. As discussed in Section 2, for
nonconservative systems the entropy Hessian H no longer acts as a symmetrizer, hence the classical matrix-valued dissipation terms
may fail to preserve the entropy inequality. On the other hand LLF-type dissipation is known to be overly dissipative and in some
instances fails to preserve important steady state solutions.

To overcome these issues, we propose a simple blending procedure to construct entropy stable dissipation. The idea is that it is
possible to make any matrix-valued dissipation term entropy stable by introducing a convex blending with LLF dissipation. Since the
LLF dissipation is known to be entropy dissipative, we then blend in just enough of the safe dissipation to ensure (57) holds.

Assume that we have some numerical viscosity matrix Q, that is not necessarily entropy dissipative. Then we introduce the convex
blending -

o (0] +(l—a)g, a€[0,1] (64)

Les Ty
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to construct the blended entropy stable numerical viscosity matrix Q Es’ Depending on the blending factor «, this procedure recovers
either O for a = 0, the entropy dissipative LLF viscosity matrix O iy for « = 1, or any convex combination thereof for 0 < « < 1. To

determine the choice of «, we first determine the entropy production of the viscosity matrices

AS = [[wﬂTg[[u]], ASy = [[w]]TQlI/' [u]. (65)

Substituting the ansatz (64) into the inequality (57) then provides us with the following condition
aAS,; + (1 - )AS >0, (66)
which finally determines our choice of the blending parameter to be
0 for AS >0,

a= AS
AS-ASy

(67)
else.

Note, that in the case of entropy production (AS < 0), the entropy dissipative property of the LLF dissipation A, > 0 ensures a
negative, non-zero denominator. Furthermore, in this case the relation AS — AS, s <AS<0 yields 0 < « < 1, which ensures that the
blending is convex. A pseudocode description of this blending procedure is presented in Algorithm 1.

Algorithm 1: Entropy stable dissipation blending.
Input: ug, u;, O, Q”f
Output: 0 £s

wr g < wug g)

[w] < wg—w,

AS < [w]"Q[u]

if AS >0 then

| Qs =@

else
AS < [[W]]TQ,,f [u]
a < AS [ (AS—AS,)
(o <—aQ1U+(1 -0

end

E

4. Saint-Venant-Exner system

We apply the numerical method developed in Section 3 to construct an entropy stable, high-order approximation to the Saint-
Venant-Exner (SVE) system. This system couples a fluid layer modeled by the shallow water equations with the Exner equation for
sediment transport. A shortcoming of the classical SVE system is the absence of an auxiliary entropy function, which prevents the
construction of ES discretizations. This issue was remedied in [23], where the model was rederived to introduce a correction term
that provides a system with an associated entropy function. As we aim to design an ES method, we consider the model with correction
factor from [23]

d,h+0d,hv =0,
0;hv + 0, hv? + ghd, (h + b) + L ghy 0, (rh + b) + =0 (68)
d,b+0d.q, =0,

where h(x, 1) denotes the water height, hv(x,r) the momentum, b(x, ) the sediment height, g is the gravitational acceleration, and
r = ps/p; is the ratio between fluid p,, and sediment density p,. Furthermore, 7 is the shear stress at the water-sediment interface,
defined by an empirical friction law. In this work, we consider the Manning friction term

_ pygn’ulvl

hl/3 (69)

with Manning coefficient n. The sediment discharge, denoted g, (h, hv), is specified through empirical sediment discharge formulas.
For convenience, we define the active sediment height 4, := 2. While a vast number of discharge formulas have been proposed in
the literature, we focus the discussion on two widely used models from Grass [30] and Meyer-Peter and Miiller (MPM) [31]. The
Grass model assumes a power law relationship with the velocity

qp 3
D= A, 70
9~ (70)

10
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where A, € [0, 1] is an empirical coefficient characterizing the sediment properties that is estimated from experimental data and
9 =1/(1 — o) is defined by the sediment porosity ¢. Due to the direct relationship with the velocity a core assumption of the Grass
model is that sediment transport begins immediately for non-zero velocities. This unphysical behavior has been improved in other
formulas, like MPM, that restrict sediment transport when the shear stress falls below a certain threshold

q s (1
T; = sgn(7)8(9 — 6,)? g(; - 1)d§, 71

with the dimensionless shields parameter § = the critical shields parameter 6, (typically set to 6, = 0.047) and the sediment

T
(ps—py)gds’
grain diameter d,.

Analogous to the shallow water system, the SVE system admits steady-state solutions that satisfy Au, =0, with the vector of

solution variables u(x, ) := (h, hv, b)! and the generalized Jacobian

0 1 0
Au) =|gth+hy)—v* 20 gh+ %hb) i (72)
da, 7 0
oh dhv

One particularly important example is the lake-at-rest steady state
Vyp = {ux,1) : h(x,t) + b(x,t) = Hy, hv(x,1) =0, >0}, (73)

for some constant water level H,, € R. Preserving the lake-at-rest steady state, commonly referred to as the well-balanced property,
is crucial for numerical methods as violations of the well-balanced property lead to unphysical oscillations on the order of the mesh
spacing [32].

The system (68) also admits an additional conservation law in the form of the entropy-entropy flux pair

2
S(u) = %rhu2 + %g(rhz + %) +rghb, q()= rhU(% +gh+ b)) + gqy(rh + b). 74)
Differentiating the entropy function with respect to the solution variables u yields the entropy variables

Hg(h+b)~ %)
w(u) = v \ (75)
g(rh + b)

which are key for the entropy analysis. The existence of such an associated entropy pair is important to ensure physically consistent
solutions and nonlinear stability. In the following section we develop a numerical method that preserves both continuous invariants
in the semi-discrete case.

4.1. Numerical method

We apply the nonconservative DGSEM with flux differencing formulation introduced in Section 3 to construct a high-order, entropy
stable, and well-balanced numerical approximation of the SVE system. From Theorem 4, these properties follow immediately with EC
fluctuations for the volume terms and ES fluctuations at element interfaces. We apply the strategy described in Theorem 3 to derive
such EC fluctuations as a baseline and then formulate suitable dissipation terms to obtain the ES fluctuations.

To construct the EC fluctuations, the system is split into conservative and nonconservative components

hv 0 0 0
fw =|h?|, B =|gh+hy) 0 gh+ %h,,) . (76)
a 0 0 0

Next, to determine the nonconservative part of the fluctuation, the path integral in (49) must be evaluated in closed form. This is
complicated, however, by the fact that 4,(u) may depend on both the friction law and sediment discharge formulation, and is generally
a highly nonlinear term. Nevertheless, we can simplify the evaluation of the path integral by introducing the auxiliary variables

h 0 0 0 1 0 0
v i=|hy | BV =|gthi+hy) 0 gh+iny| wy=|-Fe/s g2 of 77)
b 0 0 0 0 0 1

We find, assuming a linear path with respect to v, that

. 0 0 0
B (uup)+B @ up = /O Bwuds = [g((n)) + {{h,}) 0 sCtth)+ L {n, 11} (78)
0 0 0

Next, to determine a fluctuation that is EC according to Theorem 3, we must determine the components f* and Bi, such that their
combination satisfies the entropy conservation condition (51). Including the additional assumption on the structure of B* given in (47)

11
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and (48) provides us with two possible candidates B~ = %g(uL) and E+ = %g(uk) or Bi(uL, ug) = %g({{u}}) for the nonconservative
part. The respective nonconservative term then needs to be combined with a numerical flux f*, that is consistent and symmetric as
defined in (50). Analogous to the case of EC fluxes for conservative systems, this choice is in general non-unique and an admissible
combination must be determined heuristically, as no systematic construction procedure is available. For the remainder of this work,
we consider the admissible choice

. Wy o
e =B =@ -1 U =|(ho)(o) | B =ZBm,). B =ZBup. 79)

{{qb}} B

Note, that this formulation does not assume a specific sediment transport formula. Therefore, it provides EC fluctuations for any
formula that is written in terms of the sediment discharge.

From the EC fluctuation, we construct an ES fluctuation by adding a suitable dissipation term that satisfies (57) while preserving
the lake-at-rest steady state. Although LLF dissipation guarantees entropy stability, it is known to violate the lake-at-rest equilibrium
and, therefore, does not meet our requirements. Conversely, Roe-type dissipation has been applied successfully for the SVE system
in [33-36], but it may lead to entropy-violating solutions [21]. Entropy stable variants of Roe dissipation have been developed for
conservative systems [29], but rely on entropy symmetrization. Hence, this strategy cannot be applied for nonconservative systems.
As a remedy, we introduce a blended dissipation term that combines Roe and LLF dissipation following the blending procedure
described in Section 3 to obtain a dissipation term that respects both entropy stability and well-balancedness.

To build the blended dissipation term, we introduce the Roe dissipation defined by the viscosity matrix Qme 1= |Am| = % RIA| 5‘1
where R is the matrix of right eigenvectors and |A| := diag(|4,],...,|4,,]) the absolute value matrix of the eigenvalues corresponding
to the eigendecomposition of the Roe matrix 4, , := A(@). Since exact Roe averages depend on the specific sediment and friction
models, obtaining a general closed-form solution is infeasible. Therefore, we use the approximate Roe averages

T
}}—VhLUL-FhRUR’ wn . (80)
hy +1/hg

We compute |4, | following the procedure from [36] where the eigenvalues of A, are determined with Cardano’s formula. To
compute the derivatives of the sediment discharge, we use automatic differentiation. Then eigenvectors are recovered as solutions to

the eigenvalue problem A, r; = A;r;. This yields right eigenvectors

G, up) = (A 7o, B)' =~ <{{h}}, {{n

o N\T
R=(r;,rp,13), ri:<ls Ais w) @81

/]
Analogously, one obtains the inverse matrix

e — P+ A4 20—, — 4
R™ = (11512113)T’ li = ] Ik 5 / k 5 e 5 (82)
(A = A = Ap) (A = A))(A; = A) (A — 44 — Ap)

with coefficients ¢; = g(h + hy), ¢, = g(h + b) where &, = = 5® and cyclic indices i, j, k.

Finally, the ES viscosity matrix is obtained through the blendlng
o =aQ, +U-oQ , (83)

—ES-roe =Ilf
where « € [0,1] is a blending parameter determined by (67), which controls the contribution of each dissipation operator. The
corresponding ES fluctuations are

Di - DEC - QES roelI ]] (84)

4.2. Well-balancedness

To verify that the scheme preserves the lake-at-rest equilibrium, we evaluate both the EC fluctuations (79) and ES fluctuations
(84) under lake-at-rest conditions (73). We first observe that (79) vanishes directly when evaluated for the lake-at-rest steady state

DEC(uL,uR)=h(L‘R)[[h+b]] =0, Vug,ug €V, (85)

which demonstrates that the EC fluctuations exactly preserve the steady-state solution. What remains, is to verify that the blended
dissipation term Q . [u] preserves this steady-state as well. For this, we consider the Roe matrix evaluated under lake-at-rest condi-
tions. We further assume that both the active sediment height 4, and the sediment discharge vanish with the velocity. The assumption
holds for both the models of Grass and MPM considered in this work, but is also expected to hold for most other empirical models,
where sediment transport is governed by shear stress. With this assumption the Roe matrix then simplifies to be

0 1 0
A up)=gh 0 ghl Vup,ug €V, (86)
0 0 0

Next, we introduce the matrix sign function sgn(A) = diag(sgn(4,), ... ,sgn(4,,)) and define sgn(4) := Bsgn(é)ﬁ‘] to rewrite the dis-
sipation term and obtain

_mel[[u]] =sgn(A )A_[u] =sgn(A, )h[h+b] =0, Vu,,up € U, (87)

—roe’—roe —roe

12
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Table 1
Convergence results obtained for P? polynomials at final time 7 = 1 with fixed time step Az = 107>,
Dgc, +2,,f Dgcp +g,,f
Nyow L*(h) EOC(h) L?(hv) EOC(hv) L?(b) EOC(b) L?*(h) EOC(h) L*(hv) EOC(hv) L?(b) EOC(b)
22 3.99.1072 — 1.47-107" - 573-107 — 1.76 - 1072 — 3971072 - 573-107% —
23 2.02-1073 4.31 1.22-1072 3.59 2.78-107* 437 1.77-1073 3.31 1.17-1072 1.77 2.80-107* 4.36
24 1.72-107* 3.56 9.58-10* 3.67 1.78 107 3.96 1.11-107* 4.00 7.23-107% 4.01 1.78 107 3.98
2’ 1.08-1075 3.99 5.86-107 4.03 1.12-10% 3.99 6.95-107% 3.99 4.49-107 4.01 1.12-10°° 3.99
20 6.77-1077  4.00 3.64-107% 4.01 7.16-107% 3.97 4.35.1077 4.00 2.80-107% 4.00 7.00-107%  4.00

Thus, the Roe dissipation term Q. [u] preserves the lake-at-rest steady state. Well-balancedness for D . then follows directly, as the

entropy production [[w]]TQme [u] vanishes and consequently no LLF dissipation is introduced.

5. Results

We present numerical results to confirm the theoretical properties established in Section 3 that the DGSEM with flux differenc-
ing achieves high-order accuracy, entropy stability, and well-balancedness when applied to the nonconservative SVE system from
Section 4.

We validate and assess performance for EC fluctuations constructed from the two strategies outlined in Section 3. For this we
consider EC fluctuations D7, i constructed from (39) using N-point Legendre-Gauss quadrature for the path integrals and the closed-
form EC fluctuation ch,z from (79).

Numerical results are obtained using the solver framework provided by Trixi.jl [37] and TrixiShallowWater.jl [38] for the semi-
discretization, using a 3rd order ESDIRK method [39] with adaptive time stepping from DifferentialEquations.jl [40] for time inte-
gration. Visualizations are generated with Makie.jl [41]. For all test cases we set the gravitational acceleration g = 9.81, sediment
and fluid densities p, = 1.0 and p, = 0.3, sediment porosity ¢ = 0.4 and use the sediment transport formula from Grass [30] with
coefficient A, = 0.01. A reproducibility repository containing the necessary code and information to reproduce the numerical results
in this section is available on Zenodo [42].

5.1. Convergence test

To demonstrate spatial convergence, we compare the numerical solution against an exact reference solution constructed using the
method of manufactured solutions. The reference solution is defined using trigonometric functions to ensure sufficient smoothness
for testing high-order accuracy and is given by

h(x,t) + b(x,t) =4 + cos(2\/§7rx) cos(2xt), v(x,t)=0.5, b(x,t)=1+ sin(2\/§7rx). (88)

Table 1 presents convergence results at final time ¢ = 1.0, obtained on a Cartesian mesh in the domain [0, \/5] with periodic
boundary conditions, using P? polynomials and a fixed time step Ar = 10~>. The results are obtained with ES fluctuations at element
interfaces, constructed from EC fluctuations in the path integral form D}—; c1 and explicit form D‘g c2 and a LLF dissipation term. The
results confirm that both EC fluctuation types achieve the expected fourth-order accuracy in all quantities, confirming the theoretical

results.

5.2. Channel flow problem

Next, we investigate the channel flow problem from [34,43]. The test problem considers a channel on the domain Q = [0, 1000]
with initial conditions

n<x2—0_300>) if 300 < x < 500,

2
h(x,0) =10 = b(x,0), hv(x,0)=10, b(x,0)= o ( 0 (89)
0

otherwise.

An approximate closed-form solution using the method of characteristics was derived in [34, Section 3.5.1] assuming rigid-lid condi-
tions. For the numerical solution, we discretize the domain Q into 128 equidistant elements, use P* polynomials, and consider periodic
boundary conditions to ensure a closed system, where the total entropy is conserved. Alternatively, inflow / outflow boundary con-
ditions could be considered here. However, to the best of the authors knowledge, the construction of provably stable open boundary
conditions for the SVE system is still an open research topic.

5.2.1. Entropy conservation
First, we verify the entropy conservation properties of the scheme and compare the accuracy and performance for different EC
fluctuations. To this end, we compute the channel flow problem up to a final time ¢ = 30, 000.

13
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Solution
— Dyoy
=== Dy, (N= 3)

------- reference

1.0 1

Time
e t=0
e t = 7500
e t = 15000
e t = 22500
t = 30000

sediment height

0.0

T T T T T T T T
250 300 350 400 450 500 550 600 650 700
X

Fig. 1. Time evolution of the sediment height b in the channel flow test case, showing the approximate reference solution and numerical results
obtained with P* polynomials using EC fluctuations D¢ ; and D ,.

Table 2
Comparison of the maximum entropy rate, convergence errors and computation time
for the channel flow test case evaluated with different EC fluctuations.

Fluctuation max ﬁ [SdQ Nh=hfll; Nho=hopll; 11b=beflly, T
Dy (N =1  1370-107° 3.594 - 1072 1.571-1073 3.578 - 1072 306 ps
Dpc,(N=2)  1858-107" 3.777- 1072 4.584.1073 3.739- 1072 517 us
Dpc (N =3)  3496-107" 3.777-1072 4.584-1073 3.739 - 1072 738 us
Dpcs 1.682- 1071 3.578 - 1072 7.430- 1073 3.561 - 1072 47 ps

Fig. 1 shows the time evolution of the sediment height for numerical solutions obtained with EC fluctuations Dy ; and Dgc 5,
along with the approximate reference solution from [34]. The figure illustrates the downstream propagation and gradual steepening of
the sinusoidal sediment dune until a discontinuity forms around ¢ ~ 23, 800. For smooth solutions, the numerical results demonstrate
a good agreement between the numerical and reference solution, with no visible difference between the two EC fluctuations. After the
onset of the discontinuity, the numerical solutions still accurately predict the shock location provided by the approximate reference
solution, but exhibit spurious oscillations due to the absence of entropy dissipation.

We further compare numerical results obtained with the EC fluctuation D, and EC fluctuations D ;¢ ; (V) constructed following
the strategy in Section 3.2.1 with a N-point Legendre-Gauss quadrature rule, using N = {1,2,3} points. Table 2 reports the maximum
entropy rate, the L, errors with respect to the reference solution, and the average computational time 7,,, required for a single
evaluation of the time derivative in (23) for each fluctuation.

The L, errors demonstrate that for the considered test case different EC fluctuations produce nearly identical solutions with good
agreement to the reference. However, there is a large contrast in computational cost, with quadrature based fluctuations D¢ ;(N)
being between 6 — 15 slower than the closed-form fluctuation D, for this configuration. The maximum entropy rate results further
verify that the Dgc, fluctuation conserves entropy to machine precision in the semi-discrete case, while entropy conservation for
Dy fluctuations depends on the accuracy of the quadrature rule used to compute the path integral. For N < 2 there is a noticeable
violation of entropy conservation that vanishes to machine precision for N > 3, highlighting that care must be taken to choose a
quadrature rule of sufficient accuracy, as discussed in Section 3.2.1.

These results confirm that both strategies to construct EC fluctuations are demonstrably EC and yield nearly identical solutions.
However, the closed-form fluctuation Dy, is significantly more computationally efficient and should therefore be the preferred
whenever a derivation is possible.

5.2.2. Entropy stability

We again, compute the channel flow test case, now employing an ES formulation using the ES fluctuations Dgc, + Q, . and
Dpco+ Q¢ g, at element interfaces to assess the influence of different dissipation terms and confirm the ES properties.

Fig. 2 compares the time evolution of the sediment height obtained with both ES fluctuations to the approximate reference solution
from [34]. For the ES fluctuation with blended Roe-dissipation, we observe good agreement with the reference solution. Only minor
overshoots appear near the discontinuity, which is expected as we use a fifth order method without additional shock-capturing.
While shock-capturing should be employed for practical applications, we intentionally avoid such techniques, as they dampen the
underlying numerical instabilities we aim to investigate.

The numerical results obtained with LLF dissipation also agree well for smooth solutions. However, once the discontinuity starts
to form, the LLF dissipation fails to suppress the spurious oscillations that were already visible for the EC fluctuations in Fig. 1.

To further analyze this behavior, we examine the evolution of total entropy over time for both variants of the ES fluctuations, as
shown in Fig. 3. The results demonstrate that total entropy decreases monotonically for either choice, confirming the expected entropy

14



P. Ersing and A.R. Winters Journal of Computational Physics 569 (2027) 115456

Solution
— Dpoa+ Qrs— o
=== DE(,',‘Z + QW

------- reference

1.0 H

Time
e t=0
e t = 7500
e t = 15000
e t = 22500
t = 30000

sediment height

0.0 ol T NN N
T T T T T T T T
250 300 350 400 450 500 550 600 650 700
X

Fig. 2. Time evolution of the sediment height b in the channel flow test case, showing the approximate reference solution and numerical solutions
results with P* polynomials and ES fluctuations at interfaces.
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Fig. 3. Total entropy over time for the channel flow test case with different ES fluctuations at interfaces.

stability properties. Moreover, the entropy evolution provides insight into why the LLF dissipation fails to suppress the oscillations in
Fig. 2. Once the shock forms, the blended Roe dissipation induces a significant entropy decrease, while the LLF solution exhibits only a
minor decrease. This observed behavior is rather unexpected, as the LLF dissipation is generally considered more dissipative than Roe-
type dissipation. However, the entropy evolution indicates that LLF dissipation provides insufficient dissipation near discontinuities,
which causes the onset of oscillations for this test case. The results demonstrate that the blended Roe dissipation provides more robust
and accurate numerical approximations in the presence of discontinuities and should therefore be preferred over LLF dissipation in
such regimes. An analysis of the blending coefficients defined by (67) shows that for this test case, the interface blending procedure
is activated only 50 times over approximately 1 - 10° interface flux evaluations, with a maximum blending coefficient below 5 - 10~%.
While these activations demonstrate that the additional blending is necessary to maintain entropy stability in practice, the actual
correction is very minor in this example. However, entropy violations generally depend strongly on the specified equations system,
dissipation term, and test case. Thus, these results should be regarded as a single observation rather than as representative behavior
for the blending procedure.

5.3. Well-balancedness

Finally, we consider a case with a discontinuous sediment layer that is initialized with the following lake-at-rest condition

04 f <0.5
H=05 0v=0, b= or Il (90)
0  otherwise,

on the domain Q = [-2,2]. This configuration is used to verify the well-balanced property of our numerical method.

Numerical solutions are computed on a spatial discretization of 16 equidistant elements up to a final time ¢ = 10 with fixed time
step At = 2 - 1072, In Fig. 4, we present results for the ES fluctuation with blended Roe dissipation and compare it to the ES fluctuation
constructed with LLF dissipation that is known to violate the well-balanced property.

The results demonstrate that the blended Roe dissipation exactly preserves the steady-state initial condition for all polynomial
degrees, matching our theoretical expectations. In contrast, the numerical solution with LLF dissipation fails to preserve the initial
condition, due to spurious dissipation in the sediment equation. This effect is most severe for the P® approximation, where the initial
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Fig. 4. Water and sediment height obtained with ES fluctuations Dy, + gw (left) and D, + [ (right) for the well-balanced test case at
final time ¢ = 10. Results are shown for polynomial degrees P°, P!, and P2,

sediment topography is completely dissipated, converging to a different steady-state solution with constant sediment topography.
For higher-order approximations, the main features of the initial sediment topography are preserved, although the sediment is still
gradually dissipated until a continuous topography in the polynomial solution space is reached.

Altogether, the results show that while the fluctuation with LLF dissipation may provide reasonable approximations for high-
order polynomials, it fails to maintain the lake-at-rest equilibrium for zeroth order polynomials. On the other hand, the blended Roe
dissipation, exactly preserves the discontinuous lake-at-rest equilibrium for all polynomial degrees.

6. Conclusion

In this work we extended the nonconservative discontinuous Galerkin spectral element method (DGSEM) from [18] with a new very
general class of entropy stable (ES) fluctuations. We provided two strategies to construct entropy conservative (EC) fluctuations either
explicitly without requiring any model-specific derivations or to construct very efficient EC fluctuations when a closed-form solution
can be found. Furthermore, we demonstrated the loss of entropy symmetrization for nonconservative systems and how this restricts
the design of ES fluctuations. As a remedy, we proposed a novel blending procedure that allows us to construct ES fluctuations from
general matrix dissipation terms. The resulting methodology was applied to develop a high-order, entropy stable and well-balanced
DGSEM for the Saint-Venant-Exner system. Finally, numerical results verified the analysis and demonstrated convergence, entropy
stability and well-balancedness of the scheme.
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Appendix A. Equivalence of left and right symmetrization

Lemma 4. Let H € R™" be symmetric positive definite (SPD) and A € R™". Then H™! symmetrizes A from the left, if and only if H
symmetrizes A from the right.

Proof. Since H is SPD it follows that H~! exists and is also SPD. Then first assume that H~! symmetrizes A from the left
H'A=H'A"=A"TH", (A1)
then multiplication with H from both left and right shows that H is a right symmetrizer for A
AH=WAH" =HA" (A.2)

To show the converse, assume H symmetrizes A from the right. Then multiplication with H~! from both left and right shows that H
is a left symmetrizer for A which shows that both statements are equivalent. O
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